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Abstract

We present two results which arise from a
model-basedapproachto hierarchicalagglom-
erative clustering. First, we show formally that
the commonheuristic agglomerative clustering
algorithms– single-link, complete-link,group-
average,andWard's method– areeachequiva-
lent to a hierarchicalmodel-basedmethod.This
interpretation gives a theoretical explanation
of the empirical behavior of thesealgorithms,
as well as a principled approachto resolving
practical issues,suchas numberof clustersor
the choice of method. Second,we show how
a model-basedapproachcan be usedto extend
thesebasicagglomerative algorithms.We intro-
duceadjustedcomplete-link,Mahalanobis-link,
andline-link asvariantsof theclassicalagglom-
erativemethods,anddemonstratetheir utility.

1. Intr oduction

Model-basedclusteringalgorithmsare theoreticallywell-
foundedand empirically successfulmethodsfor cluster-
ing data. In model-basedclustering,the datais assumed
to have beengeneratedby a mixtureof componentproba-
bility distributions,whereeachcomponentcorrespondsto
a differentcluster. Model-basedagglomerative clustering
hasproven effective in many areas,including document
clustering(Dom & Vaithyanathan,1999),opticalcharacter
recognition(Murtagh& Raftery, 1984),andmedicalimage
segmentation(Ban�eld & Raftery, 1993).

Despite the theoreticalappealand empirical successof
model-basedmethods,in practicethey are usedfar less
than the popularandmore heuristicclassicalagglomera-
tive methods: single-link, complete-link,group-average,

andWard's method. In thesealgorithms,eachdatapoint
is initially assignedto its own singletoncluster, andpairs
of clustersarethensuccessively mergedaccordingto some
objective functionuntil all pointsbelongto thesameclus-
ter. The various agglomerative algorithmsdiffer in the
objective function they useto determinethe sequenceof
merges.

Theheuristicmethodsarepopularfor severalreasons.The
sequenceof mergesin thesealgorithmsproducesa cluster
dendrogramasin �gure 1, which is oftenmoreusefulthan
the�at clusterstructurecreatedby partitionalclusteringal-
gorithms. Moreover, their conceptualsimplicity andease
of implementationmake themconvenientfor usein many
situations.Finally, they area naturalchoicein caseswhere
only proximity datais available. For this reason,linkage-
basedagglomerativemethodshavebeenwidely usedin the
�eld of genomics,wheregenesequencedatadoesnothave
anaturalfeaturerepresentation,but lendsitself well to cal-
culatingpairwiseproximities.

In thepresentwork, weprovethattheclassicalagglomera-
tivemethodsareasubsetof model-basedmethods.Specif-
ically, we show that eachclassicalagglomerative method
is directlyequivalentto ahierarchicalmodel-basedmethod
for a certain�nite mixture model. We thenshow how the
model-basedframework canbeusedto extendtheclassical
agglomerative clusteringmethods,andwe introducethree
suchextensions.

This paperis organizedin the following fashion. In sec-
tion 1, we describemodel-basedagglomerative cluster-
ing. In section2, we discussthe heuristic agglomera-
tivemethods,de�ning theirassociatedprobabilisticmodel,
and prove that they greedily approximatethe maximum-
likelihoodestimatesof thosemodels.Finally, in section3,
we introducethree novel agglomerative clusteringalgo-
rithms basedon the classicalagglomerative methods,and



demonstratetheirutility.

Generalmodel-basedclusteringis anapproachto comput-
ing an approximatemaximumfor the classi�cation likeli-
hood:
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where
�

� arelabelsindicatingtheclassi�cationof eachdata
point (

�

�

�*)

if
$

� belongsto component
)

)

In model-basedagglomerative clustering,onebeginswith
apartition + of thedatain whicheachsampleis in its own
singletoncluster. At eachstage,two clustersare chosen
from + andmerged,forming a new partition +-, . Thepair
which is is mergedis the onewhich givesthe highestre-
sulting likelihood(thoughoften all mergeswill likely re-
ducethelikelihoodsomewhat). Theprocessis greedy;the
bestlocal choiceneednotdevelopinto thebestlikelihoods
at laterstages.

A subtletyof model-basedagglomerativeclusteringis that,
by merging clusters,we arechoosingnew labels

�

� at each
stage.Wedonotalwaysexplicitly choosemodelparamters

�

, ratherthe
�

arealways the bestpossible
�

for a given
assignment.

Moreformally, wehavealabellikelihoodfunction . which
assumesmaximumlikelihoodparamtersfor eachlabeling.
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The bestmerge + to +@, will be the one that maximizes
.
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, but procedurallywe usuallymaximize
=

. , which
is equivalent.

2. Inter preting ClassicalAgglomerative
Algorithms

The classicalagglomerative algorithmseachde�ne a dis-
tancefunction A

�CB

�

�DB>E��

(see�gure 5), andat eachstage
merge the two closestclustersaccordingto this distance
function. In sections2.1 through2.4, we considereach
of the four methodsdiscussedabove. For eachmethod,
wede�ne anassociatedprobabilisticmodel,andprovethat
the relative cost

=

.

�

+

�

+F,

�

for that model is monotoni-
cally non-increasingwith A
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to denotethis. That is,
eachclassicalmethoddiscussedis equivalentto a speci�c
model-basedmethod,with minimumdistancemergescor-
respondingto maximumlikelihoodmerges.

(a) (b)

Figure 1: Dendrogramsfor (a) complete-link (farthestmem-
bers) and (b) single-link (nearestmembers)on the sameone-
dimensionaldata. Completelink forms balancedclusterswhile
single-linkgrows paths.

2.1 Ward' sMethod

We begin by discussingWard's method (Ward, 1963).
Ward's method uses the error sum-of-squarescriterion
functionto de�ne thedistancebetweentwo clusters:
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wheretheerrorsum-of-squares(ESS)is givenby:
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and
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� is thesamplemeanof thedatapointsin cluster
B

� .

Weshow herethatWard'smethodis equivalentto amodel-
basedagglomerativeclusteringmethodwherethegenerat-
ing modelis a mixtureof sphericalgaussianswith uniform
covariancej]k . The model-basedinterpretationof Ward's
methodis well-known (Fraley & Raftery, 2000), but we
presenttheproof hereasanintroductionto theproofsthat
will beseenin thenext few sections.

Theorem1 If theprobabilitymodelin equation1 is multi-
variatenormalwith thenuniformsphericalcovariancej]k ,
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andsoif merging + to +@, involvesmergingclusters
B
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and
BWV

into
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, with respectivesamplemeans
i

�

,
i…V

, and
i…„

,
then

†!‡�ˆ/‰

=

.

�

+

�

+

,

�NŠ/�

V

c

E

 

�

c

�

f�gŒ‹

��$

�

_0i
E

�

V

p�j

V

_

��$

�

_�i
„

�

V

p�j

V



Method
� �����������u�

Probabilistic Mixtur eModel

Single-link
2	��

�

e���� e�~�� f�g���� g ~

�!� $ � _0$ VJ�!�

BranchingRandomWalks

Complete-link
2 4�6��

e � � e ~ � f�g � �\g ~

�!� $]�W_�$ V �‚�

Uniform Equal-RadiusHyperspheres

GroupAverage
2���4�

�

e � � e ~ � f�g � � g ~

�!� $]�W_�$ V �‚�

StochasticLaplaceMixtures

Ward'smethod
YW[\[]�CBs� ^ B V ��_aYb[ []�CB ���`_�YW[\[]�CB V �

Equal-VarianceIsotropicGaussians

Figure2: Agglomerative methodsandtheprobabilisticmodelsthey greedilyoptimize.

which is anegativemultiple of

YW[\[/�CBW„#��_�YW[\[]�:B � �`_aYb[\[]�:BWV��

Since the latter is exactly the quantity which Ward's
methodusesto selectamerge,wearedone.

2.2 Single-Link Clustering

In single-link clustering,the distancebetweenclustersis
de�ned to bethedistancebetweentheir closestpoints:
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Theprobabilisticmodelcorrespondingto thisclusteringal-
gorithmis amixtureof branchingrandomwalksor BRWs.
A BRW is a stochasticprocesswhich generatesa treeof
datapoints

$

� asfollows: Theprocessstartswith a single
root

$"!

placedaccordingto somedistributiuon
"

!J��$/�

. Each
nodein thefrontier of thetreeproduceszeroor morechil-
dren

$

� .1 Thepositionof a child is generatedaccordingto
a multivariateisotropicnormalwith variancej]k centered
at thelocationof theparent.

Theorem2 If theprobabilitymodelin equation1 is a mix-
tureof branchingrandomwalks,then
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Proof: Theparameters
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for a mixtureof BRWs arethe
treestructuresor skeletonsfor eachcomponentwalk. For
simplicity, weassumethatthelocationof therootof awalk
is generateduniformly at randomover theactuallocations
of datapoints.For anon-rootsample' in awalk with skele-
ton ( , we generate
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� , conditionedon the locationof the
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, we wish to �nd
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to maximize
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. Since
our labelsare �x ed, all we canvary is the treeskeletons

1Thebranchingfactorhasanassociateddistribution, but it is
not relevantfor ouranalysis.

over eachcluster. Notice that
†‚‡uˆ �

is a constantplus a
negativemultiple of thesumof squareddistancesbetween
eachchild in thedatasetandits parent.Therefore,choosing
the treeswhich minimize this sumwill maximize

�

. But
thosetreesare just minimal spanningtrees(MSTs) over
thegraphsin whicheachpair of points
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is the costof the MST over the squared
distances.

Subtreesof MSTsareMSTsaswell, so in if + mergesto
+F, by joining clusters
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and
B

V

into
B

„

, we can�nd an
MST of
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by joining theMSTsof
B
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and
BWV

with a sin-
gle addedarc. This arcwill necessarilybeanarcbetween
a closestpair of pointsin

B
��6

BWV

. The changein
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. ,
which is
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=

. , will thenbe the negative squaredlength
betweenthatpair. But thepair with theminimumsquared
lengthis alsothe pair with minimum non-squaredlength,
which is thecriterionusedby single-link clusteringto se-
lect amerge.

2.3 Complete-Link Clustering

In complete-linkclustering,the distancebetweenclusters
is de�ned to bethedistancebetweentheir farthestpoints:
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It is commonly observed that complete-link clustering
tendsto form sphericalclusters. We show herethat this
behavior is dueto its associatedprobabilisticmodel,where
pointsareuniformly generatedon hyperspheresof equal-
radius 8 . (cite F+R) suggestthat complete-linkis similar
to, but not exactly, equivalent to a uniform hypersphere
model.Weshown that,while this is strictly true,complete-
link clustering(greedily)maximizesatight lowerboundon
thatlikelihood.

Theorem3 If theprobabilitymodelin equation1 is a mix-
ture of uniform-densityhyperspheresof equalradius,then
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. is boundedabovebya function 9 such that
=

.;:<9

G

A

g

%



Proof: Let
�

���Œ�

8

�

bethehypersphereof radius8 centered
at

�

. Theprobability
"

��$

�

� �#%'&(�

hereis givenby:

"

��$

�

� ��%'&D�

8

�X���

m

?�������	Œi

r

�

�

�
� % &��

8

�
� � ‡
� $��

�

���Œ�

8

�

�

‡
��� � ��� �����

Let
9 �������
	
	�	]�������

8 . Given
�C�#��	
	
	o�<���

, we wish to �nd
�����
	
	�	]�������

8 to maximize
�

. For eachcluster
B �

, thereis
someminimalenclosinghypersphere

�

�
���

�

�

8

�

�

�

. Themax-
imumof

�

will occurwhen
9

has�

��� �

� and8

�Z2 4�6

8
� .
Therefore,

.

�C���#�
	�	
	������ �
�0�>�

�

�

�‚ 

�

0

8

Q

� 0

�

m

8

Q

�

for a positive
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which dependsonly the dimensionalityA

of thedata.

Therefore,thethebestmergeat eachstagewill betheone
which minimizesthenew 8 . Call thedistancebetweenthe
furthesttwo points in a set the width of that set. At each
stage,complete-linkclusteringchoosesthemergethatmin-
imizesthe maximumwidth

$ � 2 4�6
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� . In onedimen-
sion,thewidth

$
�

of a setis equalto twice theradius8

�

of
theminimal enclosing1-hypersphere(interval) of thatset.
Therefore,for datathat lies in onedimension,complete-
link clusteringminimizes8 at eachstage.In higherdimen-
sions,the relation

$ �

p 8 no longerholdsstrictly. How-
ever,
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for somedimension-dependentconstant
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,
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n p
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p .2 Therefore,complete-linkclusteringmin-
imizesa(relatively tight) upperboundon 8 ateachstagein
thealgorithm.

2.4 Group AverageClustering

In groupaverageclustering,thedistancebetweenclusters
is de�ned to be the the averagedistancethe points in the
differentclusters:
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Thecomponentsof theprobabilisticmodelcorresponding
to group averageagglomerative clusteringare stochastic
processesthat generatedatapointsas follows: Eachpro-
cessstartswith a singleroot
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distribution
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This model describesa stochasticprocesswhere at any
time, eachof the existing datapoints have an attraction
�eld whosestrengthis dependenton the numberof exist-
ing datapoints. Taking roots of pointwisedensityprod-
uctsmayseemworrying; it doesin fact resultin a proper,
but possiblyde�cient distribution. If eachpreviouspoint is
in theexactsamelocation,the resultis thesameisotropic
Laplacianthatsurroundedeachpoint. If not, thentheinte-
gral of the resultingpointwiseproductwill be proper, but
strictly de�cient.

Theorem4 If the probability model in equation1 is the
stochasticprocessdescribedabove, then
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Proof:

Notethatthelog of theclassi�cationlikelihoodfrom equa-
tion 1 for this probabilisticmodelis a constantplusa neg-
ativemultipleof theaverageof within-clusterdistances:
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But the last quantity is just the averageof the distances
of (ordered)pairs which have one memberin

B

and the
otherin
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. Since A�KHL minimizesexactly thatquantity, it
thereforemaximizesa lowerboundon
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2.5 Practical Consequences

Thereareseveralpracticalconsequencesof theresultspre-
sentedin sections2.1 through2.4. First, it justi�es the
useof theclassicalagglomerativemethodsaswell-founded
probabilisticmethodsratherthanjustconvenientheuristics.

Second,it explainsthequalitativeempiricalbehavior of the
differentclassicalmethodson thebasisof their associated
probabilisticmodels.

Furthermore, in model-basedagglomerative clustering,
thereare approachesto determiningthe numberof clus-
tersand the choiceof clusteringmethodbasedon model
selection.Theseapproachescannow beusedwith linkage-
basedagglomerativemethods.

Thesecondtwo consequencesarediscussedin furtherde-
tail in this section.

Finally, this formulationsuggeststhe designof novel ag-
glomerativeclusteringalgorithmsbasedontheclassicalag-
glomerativemethods.This lastconsequenceis exploredin
section3.

2.5.1 PREDICTING ALGORITHM BEHAVIOR

As linkage-basedmethodsare so commonly used, the
qualitative empiricalbehavior of thesealgorithmsis well-
known. Single-linkclusteringtendsto producelong strag-
gly clusters,complete-linkclusteringtendsto producetight
sphericalclusters(see�gure 1), andgroupaveragecluster-
ing tendsto produceclustersof intermediatetightnessbe-
tweensingle-linkandcomplete-link.

Suchbehavior is unsurprisinggiventhesemethods'associ-
atedprobabilisticmodels.Datageneratedby a mixtureof
branchingrandomwalksis likely to havestragglypatterns.
Datagenerateduniformly on

�

hyperspheresis likely to be
spherical.And thedistribution correspondingto a stochas-
tic processin which every new datapoint haspressureto
becloseto eachof thepreviously generateddatapointsis
densein thecenterwith relatively thick tails.

We presenttwo exampleshere. Figure 3 shows data
whichwasgenerateduniformly ontwo equal-radiushyper-
spheres,but is sampledmuchmorelighly from oneof the
hyperspheres.Here,Ward's methoddoesnot identify the
correctclusters,becauseit assumesthatthedatawasgener-
atedby two gaussians– it usesits explanatorypowerto ex-
plainthehalvesof thedenseregion. Complete-linkcluster-
ing, on theotherhand,is tolerantto suchsamplingbecause
thelikelihoodof thedatais dependentonly ontheradiusof
theminimal spanninghypersphere.Figure4 demonstrates
this schematically.

In �gure 6, thedatawasgeneratedby two direction-biased
randomwalks.Single-linkclustering�nds thecorrectclus-

Accuracy: 1 Accuracy: 0.542

COMPLETE-LINK WARD' S METHOD

(a) (b)

Figure3: Datasampledfrom two circles,uniformly overeachcir-
cle,but with very differentdensities.(a) Complete-linkidenti�es
thecorrectclusters.(b) Ward'smethodconsidersthepointsin the
lightly sampledregion outliersandtries to explain the densere-
gion. Accuracy valuesin all �gures aregivenby theRandIndex
(Rand,1971)

( ) ( ) ( ) ( )

(a) (b)

Figure4: Clusteringperformancedependson the interactionbe-
tweendatadensityand the clusteringalgorithm's assumptions.
(a) Two clustersof very differentdatadensitieswill becorrectly
detectedby uniform sphericalalgorithmslike complete-link(cir-
clesshown asdashedlines),while sphericalgaussianalgorithms
(Ward's, k-means– centroidsshown ascircles)will expendtheir
centroidsexplaining the denseregion. (b) Conversely, uniform
algorithmswill wasteclusterson outliergroups.

ters,while the clustersfound by complete-linkclustering
andWard'smethodre�ect theimplicit sphericalprobabilis-
tic modelsfor thesemethods.

2.5.2 WHICH METHOD? HOW MANY CLUSTERS?

Often, onewill have a generalideaasto the probabilistic
modelthatmostplausiblygeneratedone'sdata.For exam-
ple, in optical characterrecognition,charactersare often
modeledwith splines,wherespline patternshave a mul-
tivariategaussiandistribution [cite]. The probabilisticin-
terpretationof theseagglomerative methodssuggeststhat
one's choiceof agglomerative clusteringalgorithmshould
bemotivatedby theprobabilisticmodelthat is believedto
havegeneratedthedata.

More rigorously, in model-basedagglomerativeclustering,
determiningtheclusteringmethodandthenumberof clus-
ters is accomplishedin a principledmannerby usingap-
proximateBayesfactorsto comparemodels.Theformula-
tion of thelinkage-basedmethodsasmodel-basedmethods
allows suchan approachto modelselectionto be usedin
thecontext of linkage-basedmethods.An in-depthdiscus-
sionof bayesianmodelselectionin clusteringis outsideof
the scopeof this paper, andwe refer the interestedreader
to (Fraley & Raftery, 1998).
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Figure6: Directionalrandomwalksareeasilyfoundby single-linkclustering,but theothermethods'implicit modelscausethemto �nd
moresphericalclusters.

3. Extending ClassicalAgglomerativeMethods

Theprobabilisticinterpretationof theclassicalagglomera-
tive clusteringalgorithmssuggestsextensionsto theseal-
gorithmsbasedon variantsof theassociatedmixturemod-
els.Morespeci�cally, wemaywantto alterthemergecosts
to re�ect thetypesof pattenswewishto �nd in thedata.We
presentthreesuchextensionshere,discusstheir associated
probabilisticmodels,andcomparetheir empiricalperfor-
manceto theagglomerativemethodsdiscussedin section2.

3.1 Line Link

3.2 MahalanobisLink

Single-link clusteringhashistorically achieved poor clas-
si�cation performance.This canbeexplainedby two rea-
sons:

� Data, in applicationswhere clustering is useful, is
rarelygeneratedby branchingrandomwalks.

� Even whendatais truly generatedby branchingran-
dom walks, the maximum-likelihood randomwalks
areunlikely to be the oneswhich actuallygenerated
thedata(see�gure 10). In general,branchingrandom
walksthatarecloseor overlappingaredif�cult to sep-
aratein anunsupervisedmanner.

Although,single-link clusteringremainsaccuratein cases
wherethedatais generatedby a well-separatedmixtureof
Markov processes,it would be be useful to have methods
which are capableof correctly identifying non-spherical
trends.

(a) (b)

Figure10: Even for syntheticdata,maximumlikelihoodwalks
(b) canbevery differnt from theactualwalks thatgeneratedthe
data(a).

Here,we presentline-link agglomerativeclustering,where
themodelis that datapointsaregeneratedalongline, but
with gaussianperpendiculardisplacement.Onecanthink
of this asdatageneratedby someprocesstraveling along
a line, andemitting pointsalongthe way. This is a good
modelfor earthquakeepicenterson thesameseismicfault,
or GPSdatafrom carstravelingon thesameroad.

Sincewe know themodel,we couldeasilyusea hardpar-
titional clusteringaccordingto the modelusinga classi�-
cationEM procedureasin (Murtagh& Raftery, 1984).We
would iteratively assignpointsto theclosestline andmove
eachline to best�t thepointsassignedto it.

However, if we want a hierarchicalclustering,for exam-
ple if we want to be able to sub-divide major fault fami-
lies into smallerminor faults,or split roadsinto lanes,it
wouldbeusefulto haveanagglomerativealgorithmfor this
model. Our likelihoodaccordingto this model, for �x ed
line parameters,will be monotonicin the sumof squared
distancesfrom eachpoint to its assignedline. Thus, for
eachcluster, we will track the total perpendicularsquared
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Figure7: Crossinglines areonly recoveredby L INE-L INK (a). SINGLE-L INK makesa hugeclusterwith outliers(b), while theother
methodsslicethedatainto spaciallyover-balancedregions.
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Figure8: Crabsdata:onthisdif�cult set,only L INE-L INK (a) is ableto detectthecorrectoverall trend,in whichtheprinciplecomponent
of thedatais notexplanatory.
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Figure9: Whenthedatais generatedby non-isotropicgaussians,Mahalanobis-linkcandetecttheclustersmorereliably, essentiallyby
linearly transformingthedatainto a spacewheretheclustersbecomespherical.

error(TPSE)from thatcluster'sbest-�t line.3 For eachpair
of clusters,we track thecostof merging them,which will
be the differencebetweenthe besttotal squarederror for
the joint clusterandthe sumof the besttotal squareder-
rors of the two componentclusters.Note that thereis no
necessaryrelationbetweenthethreeclusters'best-�t lines'
parameters.It shouldbe clear that, by design,this algo-
rithm greedilymaximizesthe desiredlikelihood. This al-
gorithm, like all agglomerative methods,canbe madeto
run in time
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where
�

is the number
of pointsto clusterand

�
�����

is thecostof calculatingthe
mergebetweentwo clusters.

In �gure 7, weshow thatline-link worksfarbetterthanthe
otheragglomerativeclusteringalgorithmsin thecasewhere
thedataareactuallygeneratedby walksalonglines. In �g-
ure8, we show theperformanceof line-link clusteringon

3We calculatethis usingconjugate-gradientdescentmethod,
but any numericaloptimizationwill do.

crabsdatafrom (Campbell& Mahon,1974). In thecrabs
dataset,theinstancesrepresentdifferentcrabs,thefeatures
representstructuraldimensions,andtheclassescorrespond
to differentspeciesof crabs.In thisdataset,thecrabs'size
varieslinearly with age,andso thedatacanbe viewedas
beinggeneratedbyalinearrandomwalk alongtheageaxis,
emittingcrabsof differentsizesalongtheway.

It shouldbestressedthat thecrabssetis quitedif�cult for
mostclusteringalgorithms.The principal directionof the
datais, roughtly, crabsize,andis very decorrelatedfrom
thedesireddistinction,which is crabspecies.Sphericalal-
gorithmsgenerallyidentify, big crabsvs. little crabs,while
single-link identi�es, all thecrabsvs. oneoutlier. (Ripley,
1996)andothersgenerallydiscardthe�rst component,and
thenareableto clusterthedatareadily. However, anappro-
priatemodelmeansthat we do not have to preprocessthe
datato make it �t ouralgorithm.
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Figure 11: Complete-link(a) is unsuitedto clustersof widely
varying size;Adjustedcomplete-link(b) is moreappropriatefor
this situation.

3.3 Adjusted Complete-Link

In complete-linkclustering,the assumptionthat the data
is generatedby hyperspheresof equalradiusmaybeinap-
propriatefor the data. If we expect that the datawill be
spherical,but of varyingradii, wecanmakeasmallchange
to the complete-linkdistancewhich givesus exactly this
model. In adjustedcomplete-linkclustering, the distance
betweentwo clustersis de�ned notby theresultwidth, but
by the increasein width over thelargerof thetwo merged
clusters'widths.Formally,

���������
	���
�	������������������ 	��"!#	$���&%('*),+

-/.

��0 �2143

���5���6��� 	

-

�27

This changeis easily implemented,and is equivalent to
choosingthemergethatmaximizesthe likelihoodthat the
datawasgenerateduniformly on hyperspheresof arbitrary
radius.Theproof is similar to theproof of theorem2, and
we do not includeit here. In �gure 11, we show how ad-
justedcomplete-linkcomparesto complete-linkin theboth
the casewherethe datais generateduniformly on hyper-
spheresof equalradiusandthecasewherethedatais gen-
erateduniformly onhyperspheresof (possibly)unequalra-
dius.

In section2.1 we mentionedthat the model assumedby
Ward's methodis a mixtureof multivariategaussianswith
the uniform sphericalcovariance 8�9 . If we assumethat
the data is generatedby a mixture of multivariategaus-
sianswith thecovariancematrix : , we canmodify Ward's
methodto minimizetheincreasein sumof squaredMaha-
lanobisdistancesateachmerge.Formally,
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We show in �gure 9 how this method, which we call
Mahalanobis-linkclustering,comparesto Ward's method
in thecasewherethedatais generatedbyamixtureof gaus-
sianswith known covariance:ZY

�

8�9 . Mahalanobis-link
candetecttheclustersmorereliably, essentiallyby linearly
transformingthe datainto a spacewherethe clustersbe-
comespherical.

4. Conclusion

We have presenteda probabilistic interpretationof the
classicalagglomerativeclusteringalgorithms– single-link,
complete-link,group-average,andWard's method– based
on greedymaximum-likelihoodestimationfor �nite mix-
ture models. The framework of model-basedclustering
enablesus to betterunderstandtheclassicalmethods,and
suggestsa principled approachto developing variantsof
thesemethods. We have introducedthreenovel agglom-
erative methods– line-link, adjustedcomplete-link,and
Mahalanobis-link– and have shown their utility. These
methodsareeasilyimplemented,andthemodel-basedper-
spective presentedallows easyevaluationof which meth-
odsaremostlikely to beeffectiveona givenproblem.
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