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Abstract

We presenttwo results which arise from a
model-basedapproachto hierarchicalagglom-
eratve clustering. First, we shov formally that
the commonheuristic agglomeratie clustering
algorithms— single-link, complete-link, group-
average,and Ward's method— are eachequva-
lent to a hierarchicalmodel-basednethod. This
interpretation gives a theoretical explanation
of the empirical behaior of thesealgorithms,
as well as a principled approachto resolving
practicalissues,such as numberof clustersor
the choice of method. Second,we shav how
a model-basedipproachcan be usedto extend
thesebasicagglomeratie algorithms. We intro-
duce adjustedcomplete-link,Mahalanobis-link,
andline-link asvariantsof the classicalagglom-
eratve methodsanddemonstrat¢heir utility .

1. Intr oduction

Model-basedtlusteringalgorithmsare theoreticallywell-
foundedand empirically successfumethodsfor cluster
ing data. In model-basedlustering,the datais assumed
to have beengeneratedy a mixture of componenproba-
bility distributions,whereeachcomponentorrespondso
a differentcluster Model-basedagglomeratre clustering
has proven effective in mary areas,including document
clustering(Dom & Vaithyanathan]999),opticalcharacter
recognition(Murtagh& Raftery 1984),andmedicalimage
segmentationBan eld & Raftery 1993).

Despite the theoreticalappealand empirical successof

model-basednethods,in practicethey are usedfar less
than the popularand more heuristic classicalagglomera-
tive methods: single-link, complete-link, group-arerage,

and Ward's method. In thesealgorithms,eachdatapoint
is initially assignedo its own singletoncluster and pairs
of clustersarethensuccessiely memgedaccordingo some
objective functionuntil all pointsbelongto the sameclus-
ter. The various agglomeratie algorithmsdiffer in the
objective function they useto determinethe sequencef
memes.

Theheuristicmethodsarepopularfor severalreasonsThe
sequencef memgesin thesealgorithmsproducesa cluster
dendrogramasin gure 1, whichis oftenmoreusefulthan
the at clusterstructurecreatedy partitionalclusteringal-

gorithms. Moreover, their conceptuakimplicity andease
of implementatiormale themcorvenientfor usein mary

situations.Finally, they area naturalchoicein caseswhere
only proximity datais available. For this reason/inkage-
basedagglomeratie methodshave beenwidely usedin the
eld of genomicswheregenesequencelatadoesnothave

anaturalfeaturerepresentatiorhut lendsitself well to cal-

culatingpairwiseproximities.

In the presenivork, we prove thatthe classicabgglomera-
tive methodsarea subsebf model-basednethods Specif-

ically, we shav that eachclassicalagglomeratie method
is directly equivalentto a hierarchicaimodel-basedhethod
for a certain nite mixture model. We thenshov how the

model-baseffameavork canbeusedto extendtheclassical
agglomeratie clusteringmethodsandwe introducethree

suchextensions.

This paperis organizedin the following fashion. In sec-
tion 1, we describemodel-basedagglomeratie cluster
ing. In section2, we discussthe heuristic agglomera-
tive methodsde ning theirassociategrobabilisticmodel,
and prove that they greedily approximatethe maximum-
likelihoodestimatesf thosemodels.Finally, in section3,
we introducethree novel agglomeratie clusteringalgo-
rithms basedon the classicalagglomeratie methods and



demonstrat¢heir utility.

Generamodel-basedlusteringis anapproacto comput-
ing an approximatemaximumfor the classi cation likeli-
hood

1)

where arelabelsindicatingtheclassi cationof eachdata
point ( if  belongsto component)

In model-basecgglomeratie clustering,one begins with

apartition of thedatain which eachsampleisin its own

singletoncluster At eachstage,two clustersare chosen
from andmemed,forming a new partition . The pair
which is is memgedis the onewhich givesthe highestre-

sulting likelihood (thoughoften all memgeswill likely re-

ducethelikelihoodsomeavhat). The processs greedy;the
bestlocal choiceneednot developinto thebestlikelihoods
atlaterstages.

A subtletyof model-basedgglomeratie clusteringis that,
by meming clusterswe arechoosingnew labels ateach
stage We do notalwaysexplicitly choosemodelparamters

, ratherthe arealwaysthe bestpossible for a given
assignment.

Moreformally, we havealabellik elihoodfunction which
assumemmaximumlik elihoodparamtergor eachlabeling.

Therelative costof amemgefrom to  will be

The bestmemge to  will be the onethat maximizes
, but procedurallywe usuallymaximize , which
is equialent.

2. Inter preting ClassicalAgglomerative
Algorithms

The classicalagglomeratie algorithmseachde ne a dis-
tancefunction (see gure 5), andat eachstage
meige the two closestclustersaccordingto this distance
function. In sections2.1 through 2.4, we considereach
of the four methodsdiscussedabove. For eachmethod,
we de ne anassociategrobabilisticmodel,andprovethat
the relative cost for that modelis monotoni-
cally non-increasingvith . We usethe notation

to denotethis. That is,
eachclassicaimethoddiscusseds equialentto a speci ¢
model-baseanethod,with minimum distancemeigescor-
respondingo maximumlik elihoodmemes.

(@) (b)

Figure 1. Dendrogramsfor (a) complete-link (farthestmem-
bers) and (b) single-link (nearestmembers)on the sameone-
dimensionaldata. Completelink forms balancedclusterswhile
single-linkgrows paths.

2.1 Ward's Method

We begin by discussingWard's method (Ward, 1963).
Ward's method usesthe error sum-of-square<riterion
functionto de ne thedistancebetweertwo clusters:

wheretheerrorsum-of-squarefESS)is givenby:

and isthesamplemeanof thedatapointsin cluster

We show herethatWard's methodis equivalentto amodel-
basedagglomeratie clusteringmethodwherethe generat-
ing modelis a mixture of sphericalgaussiansvith uniform

covariance . The model-basednterpretationof Ward's

methodis well-known (Fraley & Raftery 2000), but we

presenthe proof hereasanintroductionto the proofsthat

will beseenin thenext few sections.

Theorem 1 If theprobability modelin equationl is multi-
variatenormalwith thenuniformsphericalcovariance

Proof: The modelparameters for this modelarethe
means . Thecomponentensity is:
where is the meanof the componento which  be-

longs.Givena x edassignment , the
which maximize arethe samplemeangor eachcluster:
. Therefore

andsoif melging to involvesmemingclusters and
into ,withrespecttesamplaneans , ,and ,
then
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Figure2: Agglomeratve methodsandthe probabilisticmodelsthey greedilyoptimize.

whichis a negative multiple of

Since the latter is exactly the quantity which Ward's
methodusesto selecta merge,we aredone.

2.2 Single-Link Clustering

In single-link clustering,the distancebetweenclustersis
de nedto bethedistancebetweertheir closestpoints:

Theprobabilisticmodelcorrespondingo this clusteringal-

gorithmis amixture of branchingrandonwalksor BRWSs.

A BRW is a stochastigprocesswhich generates tree of

datapoints asfollows: The processstartswith a single
root placedaccordingo somedistributiuon . Each
nodein thefrontier of thetreeproduceseroor morechil-

dren .! Thepositionof achild is generatediccordingto

a multivariateisotropicnormalwith variance  centered
atthelocationof the parent.

Theorem 2 If theprobabilitymodelin equationl is a mix-
ture of branchingrandomwalks, then

Proof: Theparameters for a mixtureof BRWs arethe
treestructurer skeletonsfor eachcomponentvalk. For
simplicity, we assumehatthelocationof theroot of awalk
is generatediniformly atrandomover the actuallocations
of datapoints.For anon-rootsample in awalk with skele-
ton , we generate , conditionedon the locationof the
parent of , accordingo:

Given ,wewishto nd tomaximize . Since
our labelsare x ed, all we canvary is the tree skeletons

1The branchingfactorhasan associatedlistribution, but it is
notrelevantfor our analysis.

over eachcluster Notice that is a constantplus a
negative multiple of the sumof squaredlistancedetween
eachchild in thedataseandits parent.Thereforechoosing
the treeswhich minimize this sumwill maximize . But
thosetreesare just minimal spanningtrees(MSTs) over
thegraphsin which eachpair of points and in acluster
is connectedy anarcof weight . Therefore,

where
distances.

is the costof the MST over the squared

Subtreeof MSTsareMSTsaswell, soin if  mergesto

by joining clusters and into ,wecannd an
MST of by joiningtheMSTsof and  with asin-
gle addedarc. This arcwill necessariljpeanarcbetween
a closestpair of pointsin . The changen ,
which is , will thenbe the negative squaredength
betweerthatpair. But the pair with the minimum squared
lengthis alsothe pair with minimum non-squaredength,
which is the criterion usedby single-link clusteringto se-
lectameme.

2.3 Complete-Link Clustering

In complete-linkclustering,the distancebetweenclusters
is de ned to bethe distancebetweertheir farthestpoints:

It is commonly obsened that complete-link clustering
tendsto form sphericalclusters. We shov herethat this
behaior is dueto its associategrobabilisticmodel,where
pointsare uniformly generatedn hyperspheresf equal-
radius . (cite F+R) suggesthat complete-linkis similar
to, but not exactly, equivalentto a uniform hypersphere
model.We showvn that,while this is strictly true,complete-
link clustering(greedily)maximizesatight lowerboundon
thatlikelihood.

Theorem 3 If theprobabilitymodelin equationl is a mix-
ture of uniform-densityhypespheesof equalradius,then
is boundedabovebyafunction sud that



Proof: Let bethehyperspherefradius centered
at . Theprobability hereis givenby:

Let . Given , we wishto nd
to maximize . For eachcluster |, thereis
someminimal enclosinghypersphere . Themax-

imumof will occurwhen has and

Therefore,

for a positve  which dependonly the dimensionality
of thedata.

Therefore thethe bestmerge at eachstagewill bethe one
which minimizesthenew . Call thedistancebetweerthe
furthesttwo pointsin a setthe width of that set. At each
stagecomplete-linkclusteringchooseshememgethatmin-
imizesthe maximumwidth . In onedimen-
sion,thewidth  of asetis equalto twicetheradius  of
the minimal enclosingl-hyperspheréinterval) of thatset.
Therefore,for datathat lies in one dimension,complete-
link clusteringminimizes ateachstage.In higherdimen-
sions,therelation no longerholdsstrictly. How-
ever, for somedimension-dependenbnstant ,

2 Therefore complete-linkclusteringmin-
imizesa (relatively tight) upperboundon ateachstagen
thealgorithm.

2.4 Group AverageClustering

In groupaverageclustering,the distancebetweenclusters
is de ned to be the the averagedistancethe pointsin the
differentclusters:

The component®f the probabilisticmodelcorresponding
to group averageagglomeratie clusteringare stochastic
processeshat generatedatapoints asfollows: Eachpro-
cessstartswith asingleroot  placedaccordingto some
distribution which is uniform over the region of in-
terest,take it to be uniform over the actualdatapointsfor
simplicity. The next point  is generatedaccordingto a
multivariateisotropicLaplaciancenterecht

?In higherdimensions, where isthe
anglebetweentwo verticesof aregularhypergyramidandits cen-
ter. Thisangleis in onedimensionandalwayslessthan ,
hencetherangeonthebound.

Thenext datapoint  is generatedby the distribution:

And soon:

This model describesa stochasticprocesswhere at any
time, eachof the existing data points have an attraction
eld whosestrengthis dependenbn the numberof exist-
ing datapoints. Taking roots of pointwisedensity prod-
uctsmay seemworrying; it doesin factresultin a proper
but possiblyde cient distribution. If eachpreviouspointis
in the exact samelocation,the resultis the sameisotropic
Laplacianthatsurroundedkachpoint. If not,thentheinte-
gral of the resultingpointwiseproductwill be proper but
strictly de cient.

Theorem4 If the probability modelin equationl is the
stodasticprocesgdescribedabove then ,
sogroup-aveage maximizes lower boundon

Proof:

Notethatthelog of theclassi cationlikelihoodfrom equa-
tion 1 for this probabilisticmodelis a constanplusa ney-
ative multiple of the averageof within-clusterdistances:

Therefore, is maximizedf we minimizethedifference
betweenthe resultcluster 's averageinternal
pair distanceand the sum of the averagesfor  and

Let  bethesumof all (ordered)pairwisedistancesn

similarly and . Wehave:

But the last quantity is just the averageof the distances
of (ordered)pairs which have one memberin  andthe

otherin . Since minimizesexactly that quantity it

thereforemaximizesalower boundon



2.5 Practical Consequences

Thereareseveralpracticalconsequencesf theresultspre-
sentedin sections2.1 through?2.4. First, it justi es the
useof theclassicahgglomeratremethodsaswell-founded
probabilisticmethodgatherthanjustconvenientheuristics.

Secondit explainsthequalitatve empiricalbehaior of the
differentclassicaimethodson the basisof their associated
probabilisticmodels.

Furthermore,in model-basedagglomeratte clustering,
thereare approacheso determiningthe numberof clus-
tersandthe choiceof clusteringmethodbasedon model
selection.Theseapproachesannow beusedwith linkage-
basedagglomeratre methods.

The secondwo consequencearediscussedn furtherde-
tail in this section.

Finally, this formulation suggestghe designof novel ag-
glomeratveclusteringalgorithmsbasedntheclassicahg-
glomeratve methods.This lastconsequencis exploredin
section3.

2.5.1 PREDICTING ALGORITHM BEHAVIOR

As linkage-basedmethodsare so commonly used, the
gualitatve empiricalbehaior of thesealgorithmsis well-
known. Single-link clusteringtendsto producelong strag-
gly clusterscomplete-linkclusteringtendsto producetight
sphericaklusters(see gure 1), andgroupaveragecluster
ing tendsto produceclustersof intermediateightnesshe-
tweensingle-linkandcomplete-link.

Suchbehavior is unsurprisinggiventhesemethods'associ-
atedprobabilisticmodels. Datageneratedy a mixture of
branchingandomwalksis likely to have stragglypatterns.
Datageneratediniformly on hyperspheress likely to be
spherical And the distribution correspondingo a stochas-
tic processn which every new datapoint haspressurgo
be closeto eachof the previously generatediatapointsis
densen the centerwith relatively thick tails.

We presenttwo exampleshere. Figure 3 shovs data
whichwasgeneratediniformly ontwo equal-radiusyper
spheresbut is sampledmuchmorelighly from oneof the
hyperspheresHere, Ward's methoddoesnot identify the
correctclusterspecaus@ assumethatthedatawasgener
atedby two gaussians- it usests explanatorypowerto ex-
plainthe halvesof thedenseaegion. Complete-linkcluster
ing, ontheotherhand,is tolerantto suchsamplingbecause
thelikelihoodof thedatais dependentnly ontheradiusof
the minimal spanninghypersphereFigure4 demonstrates
this schematically

In gure 6,thedatawasgeneratedby two direction-biased
randomwalks. Single-linkclustering nds thecorrectclus-
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Figure3: Datasampledrom two circles,uniformly over eachcir-
cle, but with very differentdensities(a) Complete-linkidenti es
thecorrectclusters.(b) Ward's methodconsiderghe pointsin the
lightly sampledregion outliersandtries to explain the densere-
gion. Accuragy valuesin all gures aregivenby the RandIindex
(Rand,1971)

Accuracy: 1
COMPLETE-LINK
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Figure4: Clusteringperformancelependn the interactionbe-
tween datadensity and the clusteringalgorithm's assumptions.
(a) Two clustersof very differentdatadensitieswill be correctly
detectedy uniform sphericalalgorithmslike complete-link(cir-
clesshavn asdashedines), while sphericalgaussiaralgorithms
(Ward's, k-means- centroidsshavn ascircles)will expendtheir
centroidsexplaining the denseregion. (b) Corversely uniform
algorithmswill wasteclusterson outliergroups.

ters, while the clustersfound by complete-linkclustering
andWard's methodre ect theimplicit sphericaprobabilis-
tic modelsfor thesemethods.

2.5.2 WHICH METHOD? HOW MANY CLUSTERS?

Often, onewill have a generalideaasto the probabilistic
modelthatmostplausiblygenerateane's data.For exam-
ple, in optical characterecognition,charactersare often
modeledwith splines,wherespline patternshave a mul-

tivariategaussiardistribution [cite]. The probabilisticin-

terpretationof theseagglomeratie methodssuggestghat
one's choiceof agglomeratre clusteringalgorithmshould
be motivatedby the probabilisticmodelthatis believedto

have generatedhe data.

More rigorously in model-base@gglomeratie clustering,
determiningthe clusteringmethodandthe numberof clus-
tersis accomplishedn a principled mannerby using ap-
proximateBayesfactorsto comparemodels.The formula-
tion of thelinkage-basedhethodsasmodel-basednhethods
allows suchan approachto modelselectionto be usedin
the contet of linkage-basednethods An in-depthdiscus-
sionof bayesiarmodelselectionin clusteringis outsideof
the scopeof this paper andwe referthe interestedreader
to (Fraley & Raftery 1998).
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Figure5: Agglomeratve methodsandthe probabilisticmodelsthey greedilyoptimize.
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Figure6: Directionalrandomwalksareeasilyfoundby single-link clustering but the othermethodsimplicit modelscause¢hemto nd

moresphericaklusters.

3. Extending ClassicalAgglomerative Methods

The probabilisticinterpretatiorof the classicalagglomera-
tive clusteringalgorithmssuggest®xtensionsto theseal-
gorithmsbasedon variantsof the associatednixture mod-
els.More speci cally, we maywantto alterthemergecosts
tore ect thetypesof pattenavewishto nd in thedata.We
presenthreesuchextensionshere,discusgheir associated
probabilisticmodels,and comparetheir empirical perfor
manceo theagglomeratie methodgliscusseéh section2.

3.1 Line Link
3.2 Mahalanobis Link

Single-link clusteringhashistorically achieved poor clas-
si cation performance.This canbe explainedby two rea-
sons:

Data, in applicationswhere clusteringis useful, is
rarelygeneratedby branchingrandomwalks.

Evenwhendatais truly generatedy branchingran-

dom walks, the maximume-likelihood randomwalks

are unlikely to be the oneswhich actually generated
thedata(see gure 10). In generalpranching.andom
walksthatarecloseor overlappingaredif cult to sep-

aratein anunsupervisednanner

Although, single-link clusteringremainsaccuraten cases
wherethe datais generatedy a well-separatednixture of
Markov processest would be be usefulto have methods
which are capableof correctly identifying non-spherical
trends.

(343

?.
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Figure 10: Even for syntheticdata, maximumlikelihood walks
(b) canbe very differnt from the actualwalks that generatedhe
data(a).

Here,we presentine-link agglomeratie clustering,where
the modelis that datapointsare generatedlongline, but
with gaussiarperpendiculadisplacement.One canthink
of this asdatageneratecy someprocessraveling along
a line, and emitting pointsalongthe way. This is a good
modelfor earthquak epicenter®n the sameseismicfault,
or GPSdatafrom carstraveling onthe sameroad.

Sincewe know the model,we could easilyusea hardpar
titional clusteringaccordingto the modelusinga classi -
cationEM procedureasin (Murtagh& Raftery 1984).We
woulditeratively assignpointsto the closestine andmove
eachlineto bestt thepointsassignedo it.

However, if we want a hierarchicalclustering,for exam-
ple if we wantto be ableto sub-dvide major fault fami-
lies into smallerminor faults, or split roadsinto lanes,it
would beusefulto have anagglomeratrealgorithmfor this
model. Our likelihood accordingto this model,for x ed
line parameterswill be monotonicin the sum of squared
distancedrom eachpoint to its assignedine. Thus, for
eachcluster we will trackthe total perpendiculasquared
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Figure7: Crossinglines areonly recoreredby LINE-LINK (a). SINGLE-LINK makesa hugeclusterwith outliers(b), while the other
methodsslicethedatainto spaciallyover-balancedegions.
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Figure8: Crabsdata:onthisdif cult set,only LINE-LINK (a)is ableto detecthecorrectoveralltrend,in whichtheprinciplecomponent
of thedatais not explanatory

oyt e 4 g e, g g + ot gt e .
L L I RN A
- TR SRS A o AT +
Ve e RN A it 6 Ve o
FAPER L+ TR 4 Fhr L b - FEE
H oy H oy oy w0

Accuracy: 1 Accuracy: 0.495 Accuracy: 0.497 Accuracy: 0.495 Accuracy: 0.502
MAHALANOBIS-LINK SINGLE-LINK COMPLETE-LINK  GROUP-AVERAGE WARD'S METHOD
(@) (b) (© (d) (e)

Figure9: Whenthe datais generatedy non-isotropicgaussiansMahalanobis-linkcandetectthe clustersmorereliably, essentiallyby
linearly transformingthe datainto a spacewvherethe clustershecomespherical.

error(TPSE)from thatclustersbest- t line.® Foreachpair  crabsdatafrom (Campbell& Mahon,1974). In the crabs
of clusterswe track the costof meiging them,which will dataset,theinstancesepresentifferentcrabs thefeatures
be the differencebetweenthe besttotal squarederror for represenstructuraldimensionsandtheclassesorrespond
the joint clusterandthe sum of the besttotal squareder to differentspecief crabs.In this dataset,thecrabs'size

rors of the two componentlusters. Note thatthereis no  varieslinearly with age,andso the datacanbe viewed as

necessaryelationbetweerthethreeclusters'best- t lines' beinggeneratetby alinearrandomwalk alongtheageaxis,

parameters.lt shouldbe clearthat, by design,this algo-  emittingcrabsof differentsizesalongtheway.

rithm greedily maximizesthe desiredlikelihood. This al-

gorithm, like all agglomeratte methods,canbe madeto

runin time where is the number
of pointsto clusterand is the costof calculatingthe
meige betweerntwo clusters.

It shouldbe stressedhat the crabssetis quite dif cult for
mostclusteringalgorithms. The principal directionof the
datais, roughtly, crabsize,andis very decorrelatedrom
thedesireddistinction,which is crabspeciesSphericakl-
gorithmsgenerallyidentify, big crabsvs. little crabswhile
In gure 7,weshaw thatline-link worksfarbetterthanthe  single-linkidenti es, all the crabsvs. oneoutlier. (Ripley,
otheragglomeratieclusteringalgorithmsn thecasevhere  1996)andothersgenerallydiscardthe rst componentand
thedataareactuallygeneratedby walksalonglines.In g- thenareableto clusterthedatareadily. However, anappro-
ure 8, we shav the performanceof line-link clusteringon  priatemodelmeanshatwe do not have to preprocesshe

3We calculatethis using conjugate-gradiendescenmethod, datato makeit t ouralgorithm.

but any numericaloptimizationwill do.
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Figure 11: Complete-link(a) is unsuitedto clustersof widely
varying size; Adjustedcomplete-link(b) is moreappropriatefor
this situation.
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3.3 Adjusted Complete-Link

In complete-linkclustering,the assumptiorthat the data
is generatedy hyperspheresf equalradiusmay beinap-

propriatefor the data. If we expectthat the datawill be

sphericalput of varyingradii, we canmake asmallchange
to the complete-linkdistancewhich gives us exactly this

model. In adjustedcomplete-linkclustering the distance
betweertwo clusterss de ned not by theresultwidth, but

by theincreasein width over the larger of thetwo merged
clusters'widths. Formally,

This changeis easily implemented,and is equivalent to
choosingthe memge thatmaximizesthe likelihoodthatthe
datawasgeneratediniformly on hyperspheresf arbitrary
radius. The proofis similar to the proof of theorem2, and
we do notincludeit here.In gure 11, we shav how ad-
justedcomplete-linkcomparego complete-linkin theboth
the casewherethe datais generatediniformly on hyper
sphere®f equalradiusandthe casewherethe datais gen-
erateduniformly on hyperspheresf (possibly)unequaka-
dius.

In section2.1 we mentionedthat the model assumedy

Ward's methodis a mixture of multivariategaussiansvith

the uniform sphericalcovariance If we assumethat
the datais generatedby a mixture of multivariate gaus-
sianswith the covariancematrix , we canmodify Ward's
methodto minimizetheincreasen sumof squaredViaha-
lanobisdistancesteachmeige. Formally,

where

We shov in gure 9 how this method, which we call
Mahalanobis-linkclustering,comparego Ward's method
in thecasewherethedatais generatethy amixtureof gaus-
sianswith known covariance . Mahalanobis-link
candetectthe clusteramorereliably, essentiallyby linearly
transformingthe datainto a spacewherethe clustersbe-
comespherical.

4. Conclusion

We have presenteda probabilistic interpretationof the
classicabgglomeratre clusteringalgorithms- single-link,
complete-link,group-arerage andWard's method- based
on greedymaximum-likelihood estimationfor nite mix-

ture models. The framewvork of model-basedtlustering
enableausto betterunderstandhe classicaimethods and
suggestsa principled approachto developing variantsof

thesemethods. We have introducedthree novel agglom-
eratve methods— line-link, adjustedcomplete-link,and
Mahalanobis-link— and have shawn their utility. These
methodsareeasilyimplementedandthemodel-baseger

spectve presentedhllows easyevaluationof which meth-
odsaremostlikely to be effective ona givenproblem.
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