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Abstract

In peer-to-peer(P2P)systemswhereindividualpeersmustcooperateto processeachother’srequests,
a usefulmetricfor evaluatingthesystemis how many remoterequestsareservicedby eachpeer. In this
paperwe apply this remotework metric to flooding-basedP2PsearchnetworkssuchasGnutella. We
studyhow to maximizetheremotework in theentirenetwork by controllingtherateof queryinjectionat
eachnode.In particular, weprovideasimpleprocedurefor findingtheoptimalrateof queryinjectionand
prove its optimality. We alsoshow thata simpleprefer-high-TTL protocolin which eachpeerprocesses
only querieswith thehighesttime-to-live(TTL) is optimal.

1 Intr oduction

Flooding-basedpeer-to-peersystemslike Gnutella[4] have beendeployed andusedby millions of users
worldwideto shareandexchangefiles. As of April 2003,Gnutellahasover onemillion users(with at least
onehundredthousandconcurrentusers[5]) andten tera-byteof shareddata. Also accordingto [3], there
areover ��� vendorsactively developingGnutella-styleclientsfor theirapplications.

While thereis significantresearchinterestin distributed hashtables[8] [9] [11] [13], Gnutella-style
systemsareusedin practicefor four reasons:1) simpleto implement,2) easyto deploy, 3) extremelyrobust
in handlingfrequentpeerarrivalsanddepartures,and4) supportswild-cardsearches.Moreover, in ad-hoc
wirelessenvironmentswhereunicastis justasexpensive asbroadcast,aflooding-basedmechanismis more
desirable.

Although a flooding-basedsearchmechanismcanbe inefficient asa searchquery is forwardedto all
nodeswithin a certainnumberof hops(e.g., � hops),Gnutella-stylenetworkshave, nevertheless,scaledto
millions of usersby usinga super-nodearchitecturewherehigh speed(CPU andbandwidth)nodesactas
proxiesfor regular(slower) nodes.Figure1 shows asamplesuper-nodenetwork with 3 super-nodesand16
regularnodes.Eachsuper-nodeindexesthecontentof its attachedregularnodesandperformstheflooding-
basedsearchon behalfof the regular nodes.In this architecture,a network with millions of userscanbe
reducedto onewith tensof thousandsof super-nodes,wherea floodingmechanismis adequate.

Even with this architecture,super-nodenetworks arestill susceptibleto overloadingwhen too many
searchqueriesaregeneratedby users. In the extremecase,if every super-nodeusesall of its processing
capacityto inject new searchqueriesinsteadof answeringandpropagatingexisting queries,no “useful”
work is donebecausequeriesarenot answeredby anyone. We define“useful” or remote work asa super-
nodeprocessinga querythat is not inject by itself or by its attachedregular node. At the otherextreme,�

This is the extendedversionof the work of the sametitle that appearedin DISC 2003. This versionis approximately�
	��
longerthantheoriginal. It includesanexampleof oscillation,all theproofs,anda simulationresultwhich confirmsour optimal 

selectionandillustratestherelationbetween
 andtotal remotework.
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Figure1: A samplesuper-nodenetwork.

if super-nodesinject too few new queries,they will have availablecapacityto processremotequeries,but
therewill not beenoughqueriesto keepthesuper-nodesbusy. Thus,our goal is to pick a query-injection
ratebetweenthesetwo extremesthatmaximizestheremotework performed.

Wechoseremote work asourobjectivemetricbecauseit succinctlycapturesthegoalof users.Themore
remotesuper-nodesthatprocessa givenuserquery, themorepotentialanswerstheuserwill receive. From
amongthe answers,the usercanthenselectthosehe wants,and the larger the selection,the better. For
instance,if theusersearchesfor compositionsby “Bach,” hecanthenselecttitles thatsoundappealing,or
files thathave agoodrecordingquality.

Oneapproachto maximizingtheremotework is to changethesearchprotocolitself, e.g.,usingrandom
walkers [7] or iterative deepening[12]. In this paperwe attackthe problemfrom a differentangle: we
controltherateof queryinjectionat individual super-nodes.Weaddressthefollowing questions:� How do we modelqueryinjection,processing,andpropagationin a Gnutella-stylesystem?� Whatis theoptimalnumberof new queriesthateachsuper-nodeshouldinjecteachroundasto maxi-

mizetheremotework donein anetwork?� What is the impactof usingdifferentprotocolsto selectwhich queriesto processandpropagate?Is
thereanoptimalprotocol?� Shouldwe enforcea fair policy whereevery super-nodeinjectsthesamenumberof new queriesinto
thenetwork? Or shouldhighly-connectedsuper-nodesin the“critical” partof thenetwork injectmore
queries(or less)?� Whatis thepenaltyin termsof reducedremotework for usinga fair policy?� Whataresomeheuristicsfor morecomplex systemsthatareoutsideof oursimplemodel?

Daswani et al. in [1] conductedsimulationsto answersomeof theabove questionsfocusingon theim-
pactof malicioussuper-nodeswho purposelygeneratelargenumberof bogusqueriesto reducetheamount
of “useful” work donein a flooding-basedpeer-to-peersystem. In the currentpaper, we do not consider
malicioussuper-nodesdoing denial-of-service(DoS) attacksusingbogusqueries.Instead,we assumeall
super-nodesarecooperatingto maximizeusefulwork in the network. The resultsin this paperprovide a
firm theoreticalfoundationfor studyingtheeffectsof DoSattacksandestablisha baselineof comparison.
Theseresultscanbeeasilyincorporatedinto [1] to furtherextendtheir results.

Knowing the theoreticaloptimal rateof query injection and the maximumremotework possiblecan
improve the constructionof the overlay network. For example,a super-nodecanusethe optimal query-
injectionrateto dynamicallydecidewhetherit shouldacceptmoreclientsor disconnectexisting ones.We
canalsouseremotework asmetricto evaluatedifferenttypesof overlaytopologies.

Althoughour work is specificto Gnutella-like systems,we do addressan issuethatwe believe will be
of growing importancein distributedsystems,thatof gettingautonomouscomponentsto provide services
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for eachother. Whetherthesystemis a publish-subscribeone,or a sensornet,or an ad-hocwirelessnet-
work, nodesmustbalancetheir local needs(e.g.,disseminateeventsor messagesoriginatinglocally) with
the servicesthey provide to others(e.g.,packet forwarding,resourcediscovery). As far aswe know, this
“distributedresourcecoordination”problemhasnotbeenstudiedin detail.Ourpaperis afirst studyof such
coordinationfor autonomoussystems.

2 Assumptionsand a Model

We usea very simplemodelof Gnutellato capturekey performancecharacteristicsthatarerelevant to our
goal of maximizingremotework. Given that regular nodesalwaysaccessthe network via a super-node,
we only needto capturethe activities of thesuper-nodes.Specifically, we modelthe super-nodenetwork
asa graph ������������� whereedgesrepresentconnectionsbetweensuper-nodes.For brevity, whenwe say
“node” in theremainderof thispaper, we meansuper-nodeunlessstatedotherwiseexplicitly.

WemodeltheP2Psystemasoperatingin rounds,wheresearchqueriesareinjectedandprocessedduring
the roundandforwardedto neighboringpeersbetweenrounds. Although the systemdoesnot have to be
sychronous,we will assumesychrony for analysispurposes.Note thatqueries“injected” by a super-node
aretypically initiatedby theregularnodesattachedto it.

We assumeeachqueryhasa time-to-live (TTL) field that is decrementedby oneeachtime whenfor-
wardedto otherpeers.WhentheTTL becomesnegative, thequeryis removed from thenetwork. For our
purposeof maximizing remotework, we only model the propagationof searchqueriesand ignoreother
communicationsuchassearchreplies,ping-pongmessages,andactualfile transfers.

Wealsoassumethebottleneckof thesystemis theprocessingcapacityof thesuper-nodesratherthanthe
network bandwidth.Furthermore,we assumereceiving queriesfrom thenetwork hasnegligible processing
costascomparedto the actualprocessingof a query. Therearethreereasonsfor theseassumptions:(1)
super-nodeshave excellentnetwork connectivities, e.g.,10 megabitsor better;(2) backbonebandwidthis
grosslyover-provisioned;and(3) wild-cardsearchqueriesareexpensive to evaluatebecausesimplehashing
techniquesdonotwork well.

We assigneachsuper-nodea processingcapacityof � queriesper round. A super-nodemay useits
capacityin two ways: (1) acceptandprocessa new searchquery from an attachedregular node,or (2)
processa remotequeryforwardedto it by a neighboringsuper-node. We refer to case1 asa super-node
injecting new queries, and refer to case2 as processing remote queries. For clarification, processinga
remotequeryinvolvestwo steps:one,matchthequeryagainsttheshareddataindexedby this super-node;
andtwo, forwardthis queryto neighboringnodes.Obviously in a singleround,thenumberof new queries
injectedplusthenumberof remotequeriesprocessedis atmost � .

In mostof ouranalysisin thispaper, weassumeall nodeshavethesameprocessingcapacityto makethe
analysistractable.AlthoughSariouet. al. [10] observedlargevariationsamongGnutellaclients,variations
amongsuper-nodesaremuchsmaller. We will briefly outlinethedifficulties in handlingsuper-nodeswith
differentcapacitiesasanopenproblemin Section9.2.

Althougheachnodecanonly processupto � queriesperround,its neighboringnodesmaysendit more
than � remotequeries.Becausewe assumedthatnetwork bandwidthis not thelimiting factorandthat the
costof receiving datafrom thenetwork is negligible, weallow eachnodeto receiveall theincomingremote
querieseven if it doesnot have the capacityto processthemall. A nodemustthendecidewhich remote
queriesto processthis roundanddrop the remainingqueries. We do not allow a nodeto “temporarily”
buffer excessremote queriesfor processingat a later round becausewe are interestedin the long-term
systembehavior wherenodesareconstantlyoverloaded.

The long-termbehavior of a peer-to-peersystemcertainlydependsheavily on how eachnodedecides
which queriesto processand drop. For brevity, we usethe term protocol to refer to a node’s decision
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mechanism.As anexample,anodeis saidto beusingarandomprotocolif it pickswhichqueriesto process
uniformly at random.

Oneimportantparameterof aprotocolis how anodedividesits capacitybetweeninjectingnew queries
andprocessingremotequeries.Weusea fraction � between� and � to denotethisparameter. For example,��� � implies one third of a node’s capacityis allocatedfor injecting new querieswhile the other two
third is usedfor processingremotequeries.We assumethata super-nodeinjectsits full quotaof �!� new
querieseachround,i.e., thereis alwaysan abundanceof queriesthat regular nodeswant to submit. This
assumptionis reasonablebecauseourgoalis to studythemaximumamountof remotework possiblewhich
canonly occurif nodesaregeneratingsufficientnumberof new queriesto keepthesystembusy. In practice,
a super-nodecaninject new local queriesat a fixedrateby buffering anddelayingnew searchqueriesfrom
its attachedregularnodes.

Ratherthantrying to build anaccuratemodelthatcanpredicttheactualperformanceof thepeer-to-peer
system,wehavemademany simplifying assumptionsto makeourstudyof thefundamentalsystembehavior
feasible.This simplified modelretainsall the importantaspectsof a flooding-basedpeer-to-peerprotocol
anddoesnot restrictdesigndecisions.

3 Notation and ProblemDefinition� �#" denotesthefractionof processingcapacitynode$ allocatesfor injectingnew queriesperround.�&%�'�)(*�+"-,*$/.0�21 denotesthesetof �#" usedby all nodesin network � .�43 �657�8$9� denotestheminimumhopdistancebetweennodes5 and $ in network � .�;: �6$<��=<� denotesthesetof nodes5 , excluding $ , in � suchthat 3 �65>�8$!�@?A= .�CB: �6$<��=<� denotes: �6$<��=<�7DE(*$F1 .�AG)HI �6$<� %�F� denotesthe setof queriesprocessedby node $ , usingprotocol J with settings %� for the
nodes,during round K . The set G HI �6$<� %�F� includesboth new queriesinjectedby $ and processed
remotequeries.WedropthesuperscriptJ whenthecontext is clear.�;L HI �6$M� %�9�ON G HI �6$<� %�F� denotesthesetof remotequeriesprocessedby node$ at time K .�;LPG HI � %�!�Q�SR "�TVU , L HI �6$<� %�F��, denotesthenumberof remotequeriesprocessedby all nodesin net-
work � at time K .

With thenotationabove, maximizingthe remotework of a network � usingprotocol J canbe stated
formally as:

Problem: Givena graph �W�X��������� , maximumTTL = , processingcapacity� , anda protocol J , find the
optimalrateof injectingnew queries %�Y�Z(*�+"P,*$[.E�Y1 suchthat R I LPG HI � %�F� is maximized.

Themaximizationproblemis statedabove asthecumulative numberof remotequeriesprocessedover
all nodesandall time. Wechoseto sumoverall timeto take into accountof protocolswith nondeterministic
or irregularbehaviors. However, aswe will see,theprotocolsstudiedhereall have someform of “steady-
state”behavior.

4 Protocols

Beforedescribingthe protocols,we first needto discusshow to tag eachquerywith an ID to avoid pro-
cessingduplicatequeriesandto remove querieswhentheir TTL expires. For a query \ , we usea triplet
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Deterministic Prefer-High-TTL Protocol ]P^
Duringevery round,eachnode_a`'b performsthefollowing tasksin theordershown below:

1. Inject cedgfih new querieswith thetriplet identifiers j
_lkim+kon*pqk�jr_#ksmtkvuVpwkox
xoxyk�jr_#ksmtkiced�hzp . Denotethissetof local
queries{>d . (For clarity in thepresentation,we assumeced�h is an integer. We cantake thefloor if it is not an
integer.)

2. Sortall incomingqueriesfrom adjacentsuper-nodesin decreasingorderof TTL, breakties in a deterministic
mannerthat is independentof the currenttime, andremove queriesthat areduplicatesor have alreadybeen
processedat someprevioustimestep.Denotethis sortedlist of new incomingqueries|�d .

3. Take thefirst }�n�~[cqd��sh queriesin |�d . Denotethis setof remotequeries��d .
4. Servicequeriesin { d and � d againstlocal index.

5. DecrementtheTTL of queriesin { d and � d by 1.

6. Forwardall queriesin { d and � d thathave ����{���� to all neighbors.

Figure2: An informal descriptionof thedeterministicprefer-high-TTL protocol.

�����e�q�8KvKv�v�8���i�!� where �*�V� is thenodethat injectedthequery, KsKy� is thecurrenttime-to-live of \ as \ moves
aroundthe network, and ���s� is an internalsequencenumberwhere �;?����i��?�� . We enforcethree
invariantsaboutthe IDs: (1) for any two queriesinjectedby thesamenodein thesameround,their ���i� s
aredifferent;(2) �'?AKsKy��?A= where= is themaximumTTL; and(3) aquerywith ID �����V�q�8KsKy�v�8���i�l� at timeK is injectedat time K���=P��KvKy� .

Note that when the query travels aroundthe network, its ID changesas the KsKy� is decremented.To
determinewhethertwo query IDs \ � and \*� at times K � and Kv� , respectively, refer to the samequery, we
checkwhetherthesetwo IDs have thesame�*�V� node,thesame���i� , andwereinjectedinto thenetwork at
thesametime. For example,assumingall queriesinitially have a TTL = wheninjected,thena querywith
ID \ � ���65>�o�l�o�t� at time step � is thesamequeryasa querywith ID \*� ���65>�o¡l�o�t� at time step ��� because
bothqueriesareinjectedby node5 at time �¢�4�Q�£=¤�¥���z�4¡Q�¦=[�¥�*¡Q��= with sequencenumber� .

UsingtheseIDs, wedescribetheoperationsof thedeterministicprefer-high-TTL protocol §/¨ in Figure
2. Essentially, after eachnodeinjects its new queriesfor the round, it thenprocessesremotequeriesin
decreasingTTL orderuntil theprocessingcapacityhasbeenexhausted.If two querieshave thesameTTL,
thetie is brokendeterministically, e.g.,lexicographicallyby sourcenodeID andthenthesequencenumber.

Similarly, therandomizedprefer-high-TTL protocol §/© performsthesamestepsas § ¨ excepttiesare
brokenrandomly. Though § © and §/¨ arevery similar, they exhibit differentsteady-statebehavior aswe
will seein thenext section.This distinctionhassignificantimpacton how efficiently we cansimulatethe
protocolsfor experimentalstudies.A third protocolthatwe will usefor illustrative purposesis theprefer-
low-TTL protocol ª . Insteadof sortingall the incomingqueriesin theset «�" in decreasingorderof TTL
duringstep � (of Figure2), protocol ª sortsthequeriesin increasingorderof TTL.

5 SteadyState

Regardlessof the transientbehavior at the beginning of time, a protocol that processesthe most remote
queriesin thesteadystatewill processthemostremotework in the long run. Therefore,if two protocols
have steadystates,thenwe cansimplycomparetheirper-roundperformancein thesteadystate.It turnsout
thatnotall protocolshave someform of steadystate.To illustrate,consideranexampletopologyconsisting
of sevennodesshown in Figure3. If we usetheprefer-low-TTL protocol ª with maximumTTL =/�¬� and�+"�� �­ for all nodes$ (i.e., eachnodeinjects ® ­ new queriesper round),thenwe observe an oscillation.
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Figure3: An examplewhereprefer-low-TTL doesnothave asteadystate.

Time ¯ 5 $ ° ± � K
0 �­ ¯@² �­ 5M² �­ $V² �­ °³² �­ ±t² �­ ��² �­ Kv²
1 �­ ¯ � � �­ $V²w� �­ 5 � � �­ $V² �­ $ � � �­ 5M²q� �­ ° � � �­ ¯@²q� �­ ± � � �­ °³² �­ � � � �­ ¯@²w� �­ K � � �­ �w²�­ °M²q� �­ �w² �­ ¯@² �­ ±t² �­ Kv²
2 �­ ¯ � �!�­ 5 ² �­ 5 � �!�­ ¯ ² �­ $ � �!�­ ° ² �­ ° � �!�­ $ ² �­ ± � �9�­ ¯ ² �­ � � �9�­ $ ² �­ K � �!�­ ¯ ²�­ ±t²q� �­ Ky² �­ $ � �­ �w²q� �­ ¯ � �­ �w²q� �­ ¯ � �­ ° � �­ °M²e� �­ ¯ � �­ � �
3 �­ ¯  � �­ $V� �­ 5  � �­ ¯ � �­ $  � �­ ¯@� �­ °  � �­ ¯@� �­ ±  � �­ ¯ � �­ �  � �­ ¯@� �­ K  � �­ ¯ ��­ °M�q� �­ �w� �­ $V� �­ 5³� �­ ±t� �­ °M� �­ Kv� �­ ���
4 �­ ¯ ­ � �­ $V� �­ 5 ­ � �­ ¯@� �­ $ ­ � �­ °³� �­ ° ­ � �­ $V� �­ ± ­ � �­ ¯@� �­ � ­ � �­ $V� �­ K ­ � �­ ¯@��­ °M�q� �­ Ky� �­ $  �­ �w�q� �­ ¯  �­ �w�q� �­ ¯  �­ °  �­ °M�e� �­ ¯  �­ �  

Table1: Executiontraceof protocol ª on theexamplein Figure3. Note $ and ° oscillate.

Table1 tracesout which querieseachnodeprocessesduringthefirst four roundswhenexecutingprotocolª .
In Table1 weusethenotatioń>µ*¶ to indicateanodehasprocessedqueriesthatwereinjectedby nodeµ

attime � with internalsequencenumbers� through́·� . For instance,attime � , all nodesareonly processing
queriesinjectedby themselves.At time � , eachnodeis processingits own newly injectedqueriesandremote
queriesinjectedby its neighborsat time � .

In generalwhentracingout which queriesareprocessedby node µ at time � , we simply look at theset
of querieş thatareprocessedby µ ’s neighborsat time �·�¹� . We first eliminatequeriesin ¸ whoseTTL
have expiredor have alreadybeenprocessedbefore. We thensort in increasingTTL orderthe remaining
queriesin ¸ wheretiesarebrokenby thesourcenodeID. (Specifically, webreaktiesin thefollowing order:¯P�8$M�o�t�8°>�857�8Kr� andthen ± .) For example,considertheentry in Table1 thatcorrespondsto node ¯ at time� . To fill in thesquare,we form theset ¸ from queriesprocessedby nodes$<�8°>� and � at time � , which is( �­ $ � � �­ 5M²q� �­ ¯@²q� �­ ° � � �­ ±t²q� �­ � � � �­ Ky²q1 . Wefirst filter out �­ ¯@² becausewehavehandledit in theprevioustime
step.We thensort theremainingqueriesaccordingto TTL to get ( �­ 5³²e� �­ ±t²w� �­ Kv²q� �­ $ � � �­ ° � � �­ � � 1 . Because
nodē only has

 ­ capacityleft afterits own queries,̄ simplyselects( �­ 5M²q� �­ ±t²q� �­ Ky²q1 to fill its capacity.
Thekey point to noticein this traceis thatnodē decidedto dropqueriesfrom its immediateneighbors

at time step � dueto thelow TTL preference.As a result,whenwe progressto time step ¡ , node ¯ is only
ableto forwardthequeriesgeneratedby itself becausetheTTL ontheremainingquerieshaveexpired.This
lackof forwardedqueriescauses̄ ’s neighborsto processfewer queriesthantheprevioustime step.
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If we continuethe traceto time step º , it is identical to time step � , with time indicesadvancedby� . Hencetracingthe executingfurther will yield an oscillationbetweensteps� and ¡ . The causeof the
oscillationis dueto nodē actingasachokepoint for forwardingqueriesontheeven-numberedtimesteps.
For thissimpleexample,wecouldhaveforeseenthisperiod � osicllation.Unfortunately, in general,protocolª ’s periodof oscillationis a function of = , the tie breakingpolicy, andthenetwork topology � , thusnot
easyto determineapriori.

Oscillationsaside,therearetwo flavorsof steadystatethatareof particularinterestbecausethey distin-
guishbetweenprotocols§[¨ and § © . Thefirst kind is astrong steadystatewherewecandetermineexactly
whichquerieswill beprocessedby every node.Formally,

Definition 1. (Strong steady state) A protocol J has a strongsteadystateif given any %� , there exists Ky² such
that for every node $ and all KO»AKv² , L HI �6$<� %�F��� L HI½¼ �6$<� %�F� .

In otherwords,strong steady state guaranteesthatafter time K ² , eachnodewill processremotequeries
with thesametriplet ID astheprevioustimestep.For example,if node$ processedaquerywith ID �65>�o�l�o�t�
at time Kv² , then $ will processaqueryof thesameID from thenon. Thushaving astrongsteadystatemakes
simulationstudieseasier. Notethat thesametriple ID at two differenttimesdoesnot meanthesamequery
becausethetwo queriesarecreatedatdifferenttimes.

An alternative is to relaxtheconstraintof processingquerieswith thesametriplet IDs.

Definition 2. (Weak steady state) A protocol J has a weaksteadystateif given any %� , there exists Ky² such
that for every node $ and all KO»AK ² , , L HI �6$<� %�F��,t�¾, L HI ¼ �6$<� %�F��, .

A weaksteadystateonly requiresthenumberof remotequeriesprocessedto bethesameratherthanthe
queryIDs to bethesame.Sinceourobjective is to maximizethetotalnumberof remotequeriesprocessed,
having a weaksteadystateis sufficient for our analysis.Clearly, strongsteadystateimplies weaksteady
state.

With thesetwo notionsof steadystate,wenow show protocol §/¨ hasastrongsteadystate.In particular,
we show § ¨ hasamonotonicityproperty.

Proposition3. (Monotonicity) In protocol § ¨ , given %� , for any node $ and a query ID \a�������V�q�8KsKy�v�8���i�l� ,
1. if \2. G0¿qÀ IÁI½ÂÄÃ �6$M� %�9� , then \2. G I �6$M� %�9� for all KOÅA=Y�¦KvKy�ÇÆ .
2. if \2. G I �6$M� %�9� for some KÈ»A=Y��KsKy� Æ , then \�. G0¿qÀ IÁI½Â Ã �6$<� %�<� .

Informally, monotonicitystatesthatoncea queryID \ is in G IÊÉ �6$<� %�F� for any node $ andtime K � , theID \
cannever disappearfrom G IÇË �6$<� %�F� for all K � »¾K � . It alsoguaranteesthe first appearanceof \ is at time=¤�£KsKy�ÇÆ . Themonotonicityis theresultof breakingtiesamongqueriesof thesameTTL in a deterministic
fashion. Beforeproving this claim, we first notethat in handlingthe setof queriesG I , becausethe TTL
of a queryis decrementedduringa round,therearetwo possibleTTLs for eachquery \�. G I �6$<� %�F� . For
consistency, we usetheTTL beforethedecrementastheTTL of query \ . Wenow give theformalproof.

Proof. Weprove ourclaim by inductionon thenumberof hopsaqueryhastraveled,which is �Ê=Y�¦KsKy��� .
Base Case: a query \ with =Ì��KvKv�ÍÆ-�X� . This caseoccurswhen KvKv�ÍÆ-�X= , i.e., \ is a local querythat

wasjust created.Sinceprotocol § ¨ injectsthesamenumberof local querieswith thesamemessageIDs �
through�#"@Îw� for eachnode$ ateachtime step,ourclaimholdstrivially.

Inductive Step: Assumeour claim holdsfor all queries\ thathave traveledlessthan Ï hops,i.e., with=2��KsKy�ÇÆÑÐ4Ï , wewantto show thatourclaim alsoholdsfor querieswith =Y��KsKy�ÇÆÒ�¹Ï . For part �y��� , assume\a�������e�q��='��Ï³�8���i�!�Ò. G0Ó �6$<� %�F� for somenode$ . Now we needto show \2. G I �6$<� %�F� for all KOÅ4Ï ,.
7



Considerthe setof querieş with TTL = =��ÔÏ that is processedby node $ at time K andthe setof
queriesÕ with TTL = =��4Ï¤�¥� that is processedby all neighborsof node $ at time KO�¬� . Notice that¸ÖN�ÕQ× where Õa×��Ø(#�����e�q�8KvKv�v�8���i�!� ,<�����V�w�8KvKy�Ù�Z�e�8���i�!�2.;Õ21 . By our inductionhypothesisandusing
part ���t� of theclaim,theset Õ is thesamefor KÈÅ4Ï ��� . Thusnode$ receivesthesameset Õ × for all KOÅ4Ï .
By construction,protocol § ¨ deterministicallyselectsthesamesubseţ from Õ × for all KÈÅÔÏ . Therefore,
if \�.0¸ at time Ï , then \2.E¸ for all KOÅ4Ï , asrequired.Part ���t� of theclaim is similar.

Themonotonicitypropertycanbeuseddirectly to show that § ¨ hasasteadystate.

Theorem 4. Protocol §[¨ reaches a strong steady state in = time steps.

Proof. For any node $ , let Ú I �6$<� %�F�z�S(�\/,+\Û. G I �6$<� %�F�gÜVÝ<Þ����V�rÆ���$<1 denotethesetof locally injected
queries. Then L I �6$<� %�F��� G I �6$<� %�F�¢�¹Ú I �6$M� %�9� . Since Ú I �6$<� %�F� is constantfor all K , to prove our claim
of achieving strongsteadystatein = steps,it is sufficient to show that for every node $ andall KE»ß= ,G I �6$<� %�<��� G ¿ �6$M� %�9� ; specifically, G I �6$<� %�F�ÈN G ¿ �6$<� %�F� and G ¿ �6$M� %�9�ÈN G I �6$<� %�F� .

For any \�. G I �6$<� %�F� , usingpart ���t� of Proposition3, \2. G�¿wÀ IÁI½ÂàÃ �6$M� %�<� . BecauseKsKy�ÇÆÑÅA� , =��QKvKv�ÍÆz?A= .
Applying part �y��� of Proposition3, we get \Û. G ¿ �6$<� %�F� , which implies G I �6$M� %�9�PN G ¿ �6$M� %�9� . Similarly,G ¿ �6$<� %�F�ON G I �6$M� %�9� .

Unlike protocol § ¨ , the randomizedversion §/© only hasa weaksteadystate. Clearly §/© doesnot
have a strongsteadystatebecausetherandomselectionsdo not guaranteea nodewill consistentlychoose
remotequerieswith the sameIDs. The fact that §[© hasa weaksteadystateis a directly corollary of a
theoremin thenext sectionthat statesboth protocols§ ¨ and §[© are“optimal” in thenumberof remote
queriesprocessed.Since § ¨ and § © processesthe samenumberof remotequeriesand § ¨ reachesa
strongsteadystatein = timesteps,then §[© mustreachaweaksteadystatein = timesteps.

6 Optimality of Protocol á¾â
Wenow show thatfor any settingsof %� , thetwo prefer-high-TTL protocols,§ ¨ and §[© , processesasmuch
remotework asany otherprotocolsusingthesame %� settings,andhenceareoptimal. Sinceprotocol §[¨
is a specialcaseof protocol §[© , we only show the optimality of protocol §[© . We prove this claim by
first establishinganupperboundontheamountof remotework any protocolcanprocess,andthenshowing
protocol §[© achievesthisupperbound.

For theupperbound,noticethat regardlessof which protocolwe use,thenumberof remotequeriesa
node$ canprocess,, L I �6$<� %�F��, , is limited by two factors:(1) node$ ’sprocessingcapacity, and(2) how many
queriesareinjectedby nodeswithin = hopsof $ . At maximumcapacity, a node $ canprocess�y� ��� " �8�
queriesperround.Wecall suchanodesaturated.

Whena node $ is not saturated,it canreceive up to ã'"P�¥�¬ÎVR�ä TVå�æç"�è ¿*é � ä queriesfrom nodeswithin= hops. For protocolswithout steadystate,the actualnumberof queriesprocessedby node $ may vary
betweenrounds,(e.g.,processno queriesduringoneround,but a large amountthenext round);however,
theaveragenumberof queriesprocessedperround,over time, is boundedby ã " .

We get our upperboundby combiningthe two limiting factorsand taking the minimum numberof
remotequeriesprocessedin case1 andcase2 (alongwith aspecialcasewhen KOÐA= ).
Proposition 5. For any protocol J , any node $ , and any setting %� ,ê I , L I �6$<� %�F��,!?��ëÎ ê I�ì¤í Ý îï �@���+"t� êð Teå�æñ"�è ò�óÄô�æ ¿ è I éÇé � ð7õö
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We now show in two stepsthatprotocol § © achievesthis upperbound. In thefirst step,we claim that
if a node $ ’s “neighbors”cannotinject enoughqueriesto continuouslysaturate$ , thennode $ will process
every queryinjectedby these“neighbors.” Statedformally,

Lemma 6. Consider protocol §[© and any node $ . Suppose for some hop count ÷�?)= , R ð TVå�æç"�è ø é � ð ?����� " . Then for all nodes ¯C. : �6$<�o÷³� and all � such that �4?Ö��?Ö� ð � , the query with triplet ID�6¯P��=/� 3 �6¯-�8$!�
�8�v�Ñ. L I �6$M� %�9� for all time KOÅ 3 �6¯P�8$!� .
Proof. Noteby assumingR ð Teå�æñ"�è ø é � ð ?����Ì� " , noqueriesaredroppeddueto lackof capacity, i.e., there
areno randomchoicesin decidingwhich queriesto drop. Therefore,this lemmabecomesa specialcaseof
themonotonicitypropertyin Proposition3. Thesameinductionproofholdshere.

In thesecondstep,weclaim thatif node$ ’s “neighbors”arecontinuouslyinjectingmorequeriesthan $
canprocess,thennode$ processesexactly �y�@���+"q�8� querieseachround.Formally,

Lemma 7. In protocol § © , for any node $ and hop count ÷ , if R ð Teå�æñ"�è ø é � ð »��Q�;�+" , then node $ is
saturated after time ÷ , i.e., , L I �6$<� %�<��,V���y�¢�¦�+"q�8� for all KÈÅ�÷ .

Thisclaimis not immediatelyobviousbecausetherandomselectionsin protocol §/© mayresultin many
duplicatequeriesarriving at a node $ andreducethenumberof remotequeriesprocessed.Fortunately, the
prefer-high-TTL mechanismensures“enough” non-duplicatequeriesarrive at $ to saturateits processing
capacity. Wenow give theformalproof.

Proof. Define ùF" to be the smallesthop countwhere R ð Teå�æñ"�è ú�û é � ð »ü���Ô�#" . In other words,nodes
thatarelessthan ùF" hopsaway from $ cannotinject enoughqueriesto saturate$ . We show our claim by
inductionon ùF" .

Base Case: ù " �¥� . Thiscasecorrespondsto thesituationwherenode$ ’s immediateneighbors,denoted
by ý��6$9� , areinjectingmorequeriesthan $ canhandle,i.e., R ð Teþ@æç" é � ð »X� ���+" . Sincenodesin ý��6$9�
forwardnewly injectedqueriesto $ eachround,node$ receivesat least �y�O�E�+"q�8� new querieseachround.
Thusnode$ mustbeprocessingatmaximumcapacity, or , L I �6$<� %�F��,t���y�@�¦�#"q�8� .

Induction Step: Assumingtheclaim holdsfor all nodes$ where ù<"P�Z÷ , we show theclaim alsoholds
for all nodes$ whereù<"Ñ�¬÷·�Ì� . Supposeù<"Ñ�¬÷·�Ì� for somenode$ . Considertheimmediateneighboring
nodesý��6$9� . Therearetwo casesfor ý;�6$!� : (1) for all ¯�.£ý;�6$!�
�
R ä TVå�æ ð è ø é � ä ?&�Ñ�£� ð , i.e., ù ð »Z÷ ;
and(2) thereexists ¯W.Ûý��6$9� suchthat R�ä Teå�æ ð è ø é � ä »��¢�¦� ð .

In case1, notethateverynodethatis ÷P��� hopsaway from $ is ÷ hopsawayfrom somenodein ý;�6$!� .
Becauseù ð »&÷ for all ¯Ö.Aý;�6$!� , we canapply Lemma6 to seethatall queriesinjectedby nodesthat
areexactly ÷��ë� hopsaway from $ will beprocessedby somenodein ý;�6$!� aftertime ÷ andforwardedto
node $ . Consequently, for all time KQÅW÷'�Z� , all queriesfrom ÷¤�)� hopsaway will reach$ via nodesiný;�6$!� . Thesequeriesarenot duplicatesof old queriesbecausethey traveledalongtheshortestpath.Hence
if R ð Teå�æç"*è ú û
ÿ ø�� � é � ð » �P�Ô�+" , thennode $ receives at least �y�-�Ô�+"q�8� new querieseachround, i.e.,, L I �6$<� %�F��,t���y�@���+"q�8� for all KÈÅÔ÷��ë� .

In case2, let ¯Ø.4ý��6$9� be thenodewhere R ä TVå�æ ð è ø é � ä »S� ��� ð . Intuitively, someof thequeries
processedby node ¯ areinjectedby nodesthat are ÷/��� hopsaway from $ . Call this setof querieş .
We show that ,Ä¸¤, is sufficiently large whencombinedwith queriesinjectedby nodeswithin ÷ hopsof $ ,
denotedby Õ , to saturate$ . Notethat ù ð �¬÷ becauseif ù ð ÐÔ÷ , then ù<" is atmost ÷ .

Applying our inductionhypothesisfor nodē , weknow ¯ is saturatedfor all time KOÅÔ÷ . Now consider
thesetof nodes

� �Ø(*5�, 5���&$<� 3 �657�8$9�'?¾÷ 1 and �Ö�Ø(*5�, 5����¯-� 3 �65>�8¯ �'?¾÷Ù1 . Let �X� ��� � and	 �
�&� �
. Notice thatnodesin

	
areexactly ÷/��� hopsaway from $ andthat ¸ is thesetof queries

injectedby nodesin
	

.
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Becauseat most �SÎMR ä T�� � ä queriesdid not originate from somenode in
	

, we get ,Ä¸¤,2Å ��Î�y�@�¦� ð � R¦ä T
� � ä � . Usingthefactthat ���PDO(*¯P1q�ÒN)� � DÒ(*$F1q� , weknow R�ä T
� � ä ?�R¦ä T�� � ä �Q�#"l�z� ð .
Therefore,,Ä¸¤,lÅ��¬Î#�y�@��� ð � R�ä T
� � ä �ÈÅ��¬Î+�8�Ò�¦�#"¢� R�ä T�� � ä � .

Also becauseùF"¦��÷���� , Lemma6 saysnode $ will receive all queriesfrom nodeswithin ÷ hops
of $ . Hencewe get that $ processed, Õ/,�� �SÎ³R�ä T�� � ä queriesfrom nodeswithin ÷ hops. Com-
bining Õ and ¸ , the amountof remotework done per round , L I �6$<� %�F��, is at least , Õ/,³� ,Ä¸/,ÌÅ �ØÎ��R�ä T�� � ä �ë�Ò���+"¢� R¾5E. � � ä �����y�@�¦�#"q�8� , whichprovesourclaim.

CombiningLemmas6 and7 with ÷E�¥= , we get that if node $ ’s neighborswithin = hopsdo not inject
enoughqueriesto saturate$ ’s processingcapacity, thennode$ processesevery queryinjectedby them.On
theotherhand,if thereis morethanenoughqueries,thennode$ processesatmaximumcapacity�y�>�¤�#"q�8� .
Consequently,

Theorem 8. In protocol §/© , for any node $ and any setting %� ,

, L I �6$<� %�F��,t���ëÎ ì'í Ý
îï �@�¦� " � êä Teå�æñ"�è ò�óÄô�æ ¿ è I éÇé � ä õö

By applyingTheorem8, we obtainthat R I , L I �6$M� %�9��, is equalto theupperboundestablishedin Propo-
sition 5. Therearetwo immediateconsequencesof thisobservation:

Corollary 9. Protocol §[© has a weak steady-state after = time steps.

Corollary 10. No protocols can achieve more remote work than protocol § © .

Corollary10 givesusourclaim thatprotocol §/© is optimal.
Another importantconsequenceof Theorem8 is that in computingremotework, we do not have to

worry aboutwhich querieswere duplicatesor which path a query traveled on. Therefore,we can treat
all queriesasindistinguishablefrom eachotherandrewrite our optimizationprobleminto a simplelinear
program(LP). Specifically, let ��" denotethenumberof remotequeriesprocessedby node $ in thesteady
stateof §/© . Thenmaximizingremotework is equivalentto theobjective function���#°�� ê " � " (1)

Theconstraintsof this linearprogramarethetwo termsin theminimumclauseof Theorem8, i.e.,nodes
maynotexceedtheirprocessingcapacity(Eq. 2) andmaynotprocessmoreremotework thanis injectedby
theirneighbors(Eq. 3). More formally,�*" ? �'�y�Ò�¦�#"q���'$/.0� (2)�*" ? �¹Î êð Teå�æñ"�è ¿*é � ð �Y$[.E� (3)

Becausethe optimal � " solutionsfrom the linear programwill be tight (i.e., equality) for eithercon-
straints2 or 3, it is identicalto takingtheminimumof thetwo constraints.Therefore,thesumof the �*" ’s is
preciselythenumberof remotequeriesprocessedin thenetwork perround.

Unfortunately, solvingtheLP givesuslittle insightinto theproblem’s structure.Thenext sectionbuilds
suchinsightsfor a specialcaseof theproblemwhereeachnodehasthesame� setting,i.e., �#"��W� for all$ .
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Find Optimal Single � :

1. orderthevertex set �W�Z(*$ � �8$V�e�������*�8$
�<1 suchthat , B: �6$e¶v��=<��,!?Z, B: �6$e¶�� � ��=<��, .
2. constructthesequenceof non-increasingrealnumbers(�� � ���#�V�������o���M1 where �t¶g� ����å�æç" ��è ¿*é � .
3. find thesmallest! suchthat R#"¶ ÿ � , B: �6$ ¶ ��=<��,!Å%$ .

4. return �+¶ .
Figure4: Procedurefor finding theoptimal B� whenall nodeshave thesame� .

�&�!�Ì=¤��� �('��Ì=/�¥� �Ê�*��=¤��� �Ê�l�Ì=[�¥�
Figure5: Fourexampletopologies.

7 Identical ) for All Nodes

The instanceof every nodehaving the same� is of particularinterestbecauseit capturesfairnessin the
super-nodenetwork. In other words,every super-nodeinjects the samenumberof new queriesinto the
network. This instancealsoariseswhenthesoftwareclientshaveahard-codedandpre-determinedcapacity
allocation. Clearly, finding the optimal B� settingthat maximizesthe total remotework is dependenton
thenetwork topology. In additionto presentinga procedurefor selectingtheoptimal B� , we alsoshow that
imposingthis “f air” criterionof identical � for all nodesdoesnotsignificantlyreducethemaximumamount
of remotework.

Figure4 showsourprocedurefor selecting B� . To illustrate,considerexamples�&�9� , �('�� , and �Ê�*� in Figure
5. We first write out , B: �6$e¶v��=<��, for all nodes$e¶ in a non-decreasingsequence,andthenaddthenumbersin
sequencefrom thebeginninguntil thesumexceedsthenumberof nodes.Whenwe stoppedaddingat node� , theoptimal B� is thecorresponding�+¶Ò� ��*�å�æñ"+�iè ¿*é � . In example �&�!� , we get thesequenceof , B: �6$q¶y��=<��, as(w¡l�o¡l�o¡#1 . Because¡ is thenumbernodesin this network, we stopimmediatelyat ����� andgettheoptimalB�2��� , asexpected.Moving to themorecomplicatedexamples,weseeexample �('�� generatesthesequence(w�l�o�l�o�l�o�l�o�l�o�l�
�+1 . After addingthefirst four � s,we get �Y»�� , thustheoptimal B�'�ë� ­ � ����å�æç" ,rè ¿*é � � �� . In

example �Ê�*� , we getthesequence(w¡l�8º9�8º9�o�l�o�#1 whichyieldstheoptimal B�2� �­ when ¡@��º¤»�� .
Beforewe formally prove thecorrectnessof theFind Optimal Single � procedure,we first outline the

generalideabehindtheproof. Note thatgivenany � , we candivide thenodesinto two categories: theset
of saturatednodes- andthesetof unsaturatednodes

	
. Now considerusing � × ���-�/. for some.-»Z� .

For all nodes$�.0- , $ ’s remotework is reducedby . , i.e., we losea total of L À �1.w,2-¢, . However, for all
nodes̄ . 	

, ¯ ’s remotework hasincreasedby .w, B: �6¯P��=<��, , or we gain L � �3.³R ð T�4 , B: �6¯P��=<��, . Thus
intuitively, when L À � L � , we have found a candidatefor the optimal B� . Fortunately, thereis only one
suchcandidate,which our Find Optimal Single � procedurefinds.

We now prove the correctnessof the Find Optimal Single � procedure. First, note that when using
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protocol § © with eachnodehaving thesame� , Theorem8 simplifiesto, L I �6$M� %�9��,�� �ëÎ ì'í Ýa�y�@�¦�<�8� , : �6$M��=<��,Ä� (4)LPG I � %�!� � �ëÎ ê"�TVU ì¤í Ýg�y�@�¦�M�8�Ù, : �6$<��=<��,Ä� (5)

Becauseprotocol § © hasa weak steadystateby Corollary 9, maximizing the total remotework is
equivalentto maximizingthenumberof remotequeriesprocessedin a singleroundof thesteadystate.To
distinguishthenotationbetweenthis casewhereall nodeshave thesame� from thegeneralcase,we useL �6$<�8�9� insteadof L I �6$<� %�F� and LPG �6�9� insteadof LPG I � %�9� to signify thespecialcaseof identical � ’s. We
droppedthetime subscriptbecausewe areonly interestedin thesteadystate.

Theproofproceedsin threesteps:(1) weestablisharangeof valuesfor theoptimal B� , (2) weshow B� can
only beoneof $ valueswithin this rangewhere$ is thenumberof nodes,and(3) we thenfind theoptimalB� thatmaximizesLPG �6�!� .

For thefirst step,we orderedthevertices(*$ � �8$e�e�������w�8$
�F1 suchthat , B: �6$e¶y��=<��,9?Z, B: �6$e¶5� � ��=<��, . We then
computea correspondingsequence(�� � ��� � ����������� � 1 where � ¶ � �� �å�æç" ��è ¿*é � . Noticethatthesequenceof � ¶ is

non-increasing.Wecanmake thefollowing observationon choosingaparticularvalueof � .
Lemma 11. If �/ÅA� ¶ for some � , then for all 6/Å4� , node $�7 is saturated.

For example,if we know �ÛÅ�� ­ , thenwe canguaranteenodes$ ­ through $
� aresaturated.Intuitively,
node6 hasmoreneighborsthannode� if 6Ì»A� . Therefore,if thereis enoughwork to saturatenode� , node6 is alsosaturated.

Proof. We wantto show thatif 6ÌÅ�� , then �Ù, : �6$ 7 ��=<��,FÅ¥�@�£� . Since�ÛÅ¹�t¶ , � , : �6$ 7 ��=<��,FÅ¹�t¶o, : �6$ 7 ��=<��,
and �@�¦�[Ð��Ò���t¶ . Therefore,it is sufficient to show thatif 6¤ÅA� , then �t¶o, : �6$ 7 ��=<��,!Å��Ò���+¶ :

6¤Å4�8 , : �6$ 7 ��=<��,!ÅZ, : �6$q¶y��=<��,8 � å�æç"�9*è ¿*é ����å�æç" ��è ¿*é � Å��@� ��*�å�æñ" ��è ¿*é �8 �+¶�, : �6$ 7 ��=<��,!Å)�Ò���t¶
Usingtheabove observation,we completeour first stepby boundingtheoptimal B� between� � and ��� ,

inclusive.

Lemma 12. The optimal B� is between � � and ��� , i.e., � � Å B�[ÅA��� .

Proof. For any �/»Ô� � , Lemma11guaranteesthatall nodesaresaturated.Therefore,LPG �6�!���/$>�¤�y� �Y�!� .
Now considerusing � × �S� � . Lemma11 still guaranteesall nodesaresaturated.Thus LPG �6� × � � � �-�$>�'�y�Ò�£� � � . Since�[»A� � , �@���/Ð��@�¦� � . Therefore,LPG �Ê� � �O» LPG �6�!� .

For �[ÐA�:� , theconverseof Lemma11impliesnonodesaresaturated,henceLPG �6�!���)�2ÎçR "�TeU �Ù, : �6$<��=<��, .
In comparisonto choosing� × �S��� where LPG �6� × �����9�a� �ZÎ R "�TeU ���¤Î<, : �6$<��=<��, , we see LPG �6�9��ÐLPG �Ê���9� because�ÌÐA��� .

Hence,theoptimal B� is between� � and ��� .
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For thesecondstepof our proof,we refineour searchof optimal B� by claimingtheoptimal B� is in fact� 7 for some6 . To prove this claim,we show thatfor any choiceof � strictly between�+¶ and �t¶5� � for some� , wecan“slide” � to oneof thetwo endpointswithout reducingthetotal remotework. More formally,

Lemma 13. If � ¶ »4�[»A� ¶5� � , then either LPG �Ê� ¶ �OÅ LPG �6�!� or LPG �Ê� ¶�� � �OÅ LPG �6�9� .
Proof. Notice that we canrewrite LPG �6�9� astwo terms: oneterm that includessaturatednodesandone
term that includesthe rest. Using the result from Lemma11 while knowing � ¶ Å¾�;Å&� ¶5� � , we seethat
nodes$e¶5� � through $
� arealwayssaturatedandnodes$ � through $e¶ À � arealwaysnot saturated.Because�t¶ÒÅ)� , , LPG �6$q¶v�8�!��, is at most �z� � , thusit is safeto treatnode $e¶ asa nodethat is alwaysnot saturated.
Dividing thenodesinto thesetwo categories,wecanrewrite LPG �6�!� asthesumof work from non-saturated
nodesandwork from saturatednodes.LPG �6�9����� îï ê

7�; ¶ �Ù, : �6$ 7 ��=<��,�� ê¶=< 7>; � �y�@���!� õö �
Now considertheamountof remotework we gainby using � ratherthanusing � ¶ , i.e., LPG �6�!��� LPG �Ê� ¶ � .
Sincenodeshave thesamecapacity� , we take outa factor � whencomputingthegain.Wesee

LPG �6�!�·� LPG �Ê�+¶���� îï ê
7>; ¶ �Ù, : �6$ 7 ��=<��,*� ê¶=< 7>; � �y�@�¦�9� õö �

îï ê
7>; ¶ �+¶8, : �6$ 7 ��=<��,*� ê¶=< 7>; � �y�@�£�t¶i� õö� ê

7�; ¶ �6�-�£� ¶ ��, : �6$>7t��=<��,*� ê¶=< 7�; � �Ê� ¶ �¦�9�
� �Ê�t¶ �¦�9� îï $Û���7� ê7>; ¶ , : �6$ 7 ��=<��, õö (6)

FromEq. (6), using � is betterthan �+¶ whenLPG �6�9�È» LPG �Ê�t¶��?@8 LPG �6�9�·� LPG �Ê� ¶ �È»A�?@8 $Ì����» ê7>; ¶ , : �6$ 7 ��=<��, (7)

Similarly, we getthatusing � is betterthanusing �+¶5� � whenLPG �6�!�È» LPG �Ê�+¶�� � �?@8 $Û�¦��Ð ê7>; ¶ , : �6$ 7 ��=<��, (8)

In orderfor both LPG �6�9�-» LPG �Ê�+¶�� and LPG �6�!�-» LPG �Ê�t¶5� � � to hold, Eq (7) and(8) mustbe true
simultaneously, which clearlycannotbe thecase.Therefore,it is possibleto “slide” � towardsoneof the
endpoints.

CombiningLemmas12and13,we completethefinal stepin Theorem14.
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Theorem14. In protocol § © with identical � , the optimal B�Y�ë� " , where ! is the smallest integer such thatR ¶ ; " , B: �6$e¶y��=<��,!Å%$ .

Proof. We usethe insight from the proof of Lemma13. Supposewe setour initial � to � � . Eq. (7) tells
us that using �4���+� is betterif $£�Z�£» , : �6$ � ��=<��, . Similarly, using �A�ß�  is betteryet if $£�ë�4», : �6$ � ��=<��,y�4, : �6$ � ��=<��, . Wecanrepeatthisstepof moving to better� " until Eq. (7) no longerholds.At that
point, we have reachedtheoptimalbecauseEq. (8) tells us thatusing � 7 for 6¦»A! will not improve total
remotework.

The formal proof is by contradiction.Suppose�t¶ is theoptimal � where �B��C! . If �QÐ1! , thenby Eq.
(7), using �/���+¶5� � resultsin moreremotework, which contradicts�t¶ beingoptimal. If �Ò»D! , thenby Eq.
(8), using �Y�ë�t¶ À � yieldsmorework, anothercontradiction.

Thereis a specialcasefor Theorem14 when R ¶ ; " , B: �6$e¶y��=<��,9��$ . In this situation,therearemultiple
optimal B� for asingleroundin thesteadystate.Specifically,

Corollary 15. If R ¶ ; " , B: �6$e¶v��=<��,+�E$ for some ! , then for all � where � " Å4�[ÅA� " � � , LPG �6�!� is optimal.

Example�Ê�l� in Figure5 illustratesthisoccurrenceof multipleoptimal B� . Thesequenceof (l, B: �6$q¶v��=<��, 1*¶
in this caseis (w�l�o�l�o¡l�o¡#1 . Noticethat , B: �6$ � ��=<��,q�), B: �6$V�e��=<��,9�¥�Ñ�Ô�'�Zº which is thenumberof nodes.
By Corollary15, we canconcludefor example �Ê�l� , any � where � ?���? �� yields theoptimalamountof
remotework in asingleroundof thesteadystate.

Now thatwe know how to find theoptimal for this specialcaseof identical � for eachnode,a natural
questionis how muchremotework did wesacrificein restrictingto thespecialcaseinsteadof usingarbitrary%� ? To boundthisamountof lost remotework, weusethefollowing thetheorem.

Theorem16. For any connected network �)���������2� where ,Ä�[,t�/$�ÅA=O��� , compute the optimal B� using
the Find Optimal Single � procedure. Then in steady state, LPG I � B�!�OÅ ¿¿ � � $>� .

Proof. Becausethegraphis connected,for any node $E. � , thenumberof nodeswithin = hopsis at least=/�¥� , i.e., , B: �6$M��=<��,OÅS=/�¾� . Therefore� � ? �¿ � � . From Lemma12, we see LPG � B�l�[Å LPG �Ê� � �2�$>�'�y�Ò� �¿ � � ��� ¿¿ � � $>� .

Theimmediateconsequenceof Theorem16is thatevenwith therestrictionof identical � ’s,nodesin the
network areprocessingat

¿¿ � � of themaximumcapacity. Hence,thefractionof lossdueto therestrictionis
atmost �¿ � � . A secondaryconsequenceis thatregardlessof whatkind of network � we use,we canalways
processremotework at

¿¿ � � of thecapacity. Whenlooking at theproof in moredetail,onenoticethat the
boundontheamountof work lost is dependantonthevalueof � � , thesmallestneighborhoodsizefor anode
in thetopology. In practicewhere =ÛÅÔ� , � � is at most �F ² . Thus,thetotal remotework lost is at most ��G .

To put Theorems14 and16 into perspective, we rana simulationon a 1787-nodeGnutellacrawl from
Saroiu[10] with different choicesof � valueandTTL of � . We thentallied the total amountof remote
work in the network, normalizedby thecapacityof the nodes(i.e., eachnodecancontribute at most � to
the total remotework). The resultsareshown in Figure6. Thex-axisshows thechoiceof � in log scale.
The y-axis shows the amountof remotework. As Theorem14 claimed,thereis a singleoptimal point,�/� �H F �)�I�à�9�*¡V¡ for this topology. Also noticethatthereis a “reasonablylarge” stretchof � valueswhere
thetotal amountof work is closeto theoptimal. This stretchcorrespondsto choosinga larger � valuethan
theoptimal. As Thereom16 claims,theamountof remotework lost is not significantfor any “reasonable”
guessesof � , suchas �2� �F ² �ë�I�à�t� .
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Figure6: Total remotework asa functionof � for Gnutellacrawl.

8 Differ ent ) for EachNode

If wehaveall nodesinject thesamenumberof queriesinto thenetwork, somenodeswill notoperateat their
maximumcapacities.Thusit is possibleto achieve moreremotework by allowing nodesto inject different
amountsof work, i.e., usea different � for eachnode.To illustratethedifferencein theamountof remote
work, we reusetheexamplesin Figure5. In �('�� , by settingthe � for thecenterof thestarto � and � for the
othernodes,we cansaturateevery nodeandgeta total remotework of Kt� . In contrast,theidentical-� case
only yieldstotal remotework of

H� � . Similarly, weget º#� and �t� for examples�Ê�*� and �Ê�!� respectively by
settingthe � of thenodeswith thehighestdegreesto � and � for theothernodes.Usingidentical � , we getH� � and �t� respectively for examples�Ê�*� and �Ê�!� .

In this generalcasewherenodescan have different � values,therearemany possibleoptimal solu-
tions. In particular, thereis onesubsetof theoptimalsolutionsthatcorrespondsto theminimum fractional
dominating-set (MFDS) of distance= for thenetwork topologygraph �Ø�ß��������� . In MFDS, eachnode$ is assigneda weight ¯ " where �0?¥¯ " ?�� . Thedominatingsetconditionis that for every node $ , the
sumof theweightsfrom nodeswithin = hopsof $ is at least � . Thegoalis to comeup with asetof weights¯Ò" that satisfiesthedominatingconditionwhile minimizing thesumof theweights. TheMFDS is a well
understoodproblem.Reducingour problemto theMFDS exposessomeunderlyingstructurein finding the
optimal �+" ’sandallowsusto leveragemany existingtechniquesfor solvingit. Fortunately, thereis asimple
mappingfrom anoptimalsolutionof MFDSto ourproblem.Specifically,

Theorem 17. For any optimal solution (*¯Ò"V1 to the minimum fractional dominating set of � with distance= , the solution %� where �#"Ñ�¹¯Ò" maximizes the total remote work in the network � .

Beforewe prove the above claim, we observe that whenall nodesaresaturated,maximizingremote
work is equivalentto minimizingnew-queryinjection(i.e.,MFDS).Thereforewe simplyneedto show that
thereexistsanoptimal B� whereall nodesaresaturated.Intuitively, for any optimal B� wheresomenode $ is
notsaturated,wecan“boost” �#" until $ is saturatedwithoutchangingtheamountof remotework. Wenow
give thedetails.

First, the minimum fractional dominating-set(MFDS) problemfor graph � with distance= can be
rephrasedasa linearprogram.Let ¯Ò" betheweightassignedto node$ . ThentheLP is

����$L� ê " ¯Ò" (9)êð T �å�æç"*è ¿�é ¯ " Å�� �2$[.E� (10)
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FromtheLP above,noticethatwhenusing �+"Ñ�¹¯Ò" where (*¯Ò"t1 is asolutionof MFDS,everynode$ is

saturatedbecauseR ð TVå�æç"�è ¿*é � ð �NM�R ð T �å�æç"�è ¿*é ¯Ò"�O@�/¯Ò"PÅ¬�7�/¯Ò"Ñ�¥�>�¤�#" . Relyingonthisobservation,

weshow (*¯ " 1 is anoptimalsolutionfor ourproblemin two steps:(1) givenanoptimalsolution B� whereall
nodesarenot saturated,wecantransform B� into anotheroptimalsolution B�+× suchthattheamountof remote
work is still thesamebut all nodesarenow saturated;and(2) whennodesareall saturated,minimizingtotal
weightin MFDS is equivalentto maximizingremotework.

To prove thefirst step,we observe that if we increase�+" for a singlenode $ , thentheremotework for
nodes̄3��¹$ canonly increase.Formally,

Lemma 18. Given %�E� (*� � �8� � �������*�8� � 1 , create %� × �S(*� × � �8� × � �������w�8� ×� 1 where � ×¶ �&� ¶ �/. for some � and.@»Ô� , and �+×7 �ë� 7 for all 6P���� . Then , L �6$ 7 � %�+×Ç��,!ÅZ, L �6$ 7 � %�9��, for all $ 7 ��¹$e¶ .
Proof. From Theorem8, we get , L �6$ 7 � %� × ��,·�Ö�¥ÎQM ì'í ÝÙ�y�¢�¦� ×7 �
R "�R*Teå�æç"�9�è ¿*é � × " �SO wherethe ì¤í Ý distin-
guishesbetweenwhethernode$ 7 is saturatedor not. Thusfor eachnode$ 7 ��¹$e¶ , weneedto checkthatour
claim holdsfor bothcases.

Case 1: $>7 is saturatedunder %� . Sincethe � valuesonly increased,$�7 is still saturated.Moreover,T 7 � T ×7 . Therefore, L �6$ 7 � %�!��,t�)�ëÎ+�y�@�¦� 7 �����¬Î+�y�@�¦�#×7 ���¾, L �6$ 7 � %�#×Ç��, .
Case 2: $ 7 is not saturatedunder %� . Then , L �6$ 7 � %�!��,7ÐW�ZÎ9�y� �£� 7 �¢�X�ZÎ9�y�Ñ� � ×7 � and , L �6$ 7 � %�9��,M��¤Î R " R Teå�æç"�9*è ¿*é � " ?��¤Î R " R Teå�æç"�9*è ¿*é �+× " . Since , L �6$ 7 � %�9��, is lessthanboth �'Î��y�l�z�#×7 � and �'Î R " R TVå�æç"�9�è ¿*é �+× " ,

we get , L �6$ 7 � %�9��,!?¹�¹ÎUM ì'í Ýg�y�@��� ×7 �
R " R TVå�æç"�9*è ¿�é � × " �SO¤�¾, L �6$ 7 � %� × ��, .
Notethattheclaim doesnot hold for node $e¶ becauseif $e¶ is alreadysaturatedunder %� , thenincreasing�+¶ will reducethe remotework at node $e¶ under %� × . Intuitively, usingLemma18, we can“boost” the �#"

valuesof non-saturatednodes,oneby one,in theoptimalsolutionwhile maintainingthesamenumberof
total remotequeriesprocessed.Specifically,

Lemma 19. For every optimal B�;� (*� � �8�#�e�������w�8�:�F1 where some nodes are not saturated, there exists a
corresponding optimal B� × � (*� × � �8� × � ���������8� ×� 1 such that LPG � B�!�¤� LPG � B� × � and all nodes are saturated
using B� × .
Proof. Given B�Y�)(*� � �8�#�e�������w�8�:�F1 , supposenode$q¶�.�� is notsaturated,i.e., L �6$e¶v� B�!�OÐ)�>�[�+¶ . ConstructB� × �Z(*� � ���������8� ¶ À � �8� ×¶ �8� ¶�� � �������w�8� � 1 where� ×¶ �W�¢� L �6$ ¶ � B�F� .

By construction,B�#×¶ » B�+¶ anddoesnot reducetheremotework at node$e¶ . By Lemma18,using B�+×¶ does
not reducethe remotework for all nodes$ 7 ���$q¶ . Therefore,LPG � B� × �-Å LPG � B�!� . BecauseB� is optimal,LPG � B�+×½�È? LPG � B�!� . Hence,LPG � B�+×½��� LPG � B�!� .

Using B� × resultsin at leastonemoresaturatednodethan B� . By repeatingthe above stepof boosting
onenode’s � , we canconstructanoptimalwhereall nodesaresaturated.(Notethatmultiple boostingsteps
cannotbeappliedsimultaneously. Onemustapplyeachboostin sequenceandidentify anew nodeto boost
eachtime.)

Lemma19 completesour first stepfor showing that thereexists an optimal B� whereall the nodesare
saturated.Wenow show oursecondstep,theproofof Theorem17,whereminimizingtotalweightin MFDS
is thesameasmaximizingremotework.

Proof. From Lemma19, we canassumeevery node $ is saturated,which by Theorem8 occursprecisely
whenthesumof thework injectedby nodesin B: �6$<��=<� is at least � . Scalingdown by a factorof � yields
theconstraintfor MFDS in Eq. 10.
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Sinceevery node in the network is saturated,the total work in the entire network (i.e., the sum of
local andremotework) is equalto the numberof nodesin � , a constant.Thusmaximizingremotework
is equivalent to minimizing local work. Sincelocal work is R ¶ �+¶ , we get the sameobjective function as
MFDS in Eq. 9. Therefore,any optimalsolutionof theMFDSmaximizesthetotal remotework in � .

Although using different � ’s leadsto more remotework, note that we are setting � to � for a large
numberof nodes,which meansthesenodescannotinject any queries.In practice,a nodethatcannotinject
any queriesis notuseful.Thereforeacombinationof usingasmallfixed � (e.g.,using �:� from theprevious
section)to guaranteesomefairnesswhile allocatingthe remainingcapacitythroughthe dominatingsetis
morepractical.

9 OpenProblems

Wenow outlinetwo openproblemsthatarepracticalvariationsof themaximizingremotework problemwe
studiedin thispaper.

9.1 Distrib uted Algorithm

In Sections7 and8, we describedcentralizedsolutionsfor finding theoptimal � for eachnodethatmaxi-
mizesthetotal remotework in thenetwork. Our solutionsrequireknowing theentirenetwork topologyin
advance. However in a P2Penvironment,with nodesconstantlyjoining andleaving, it is impracticalfor
any nodeto gathertheentirenetwork topologyinformation.Evenif we couldefficiently gathersuchinfor-
mation,therapidlychangingtopologywill quickly renderasolutionbasedon thecurrenttopologyobsolete
andsub-optimal.Nevertheless,theresultsaboutthecentralizedsolutionsareimportantbecausethey form
thebasisof comparisonfor distributedsolutions.

For the instanceof using a different � for eachnode,distributed solutionsare possibleby adapting
fractionaldominatingsetalgorithms[2], [6]. However, thesealgorithmshave long runningtimesfor our
problem,cannothandledifferent capacitiesat eachnode,and must be re-run eachtime as the network
topologychanges.Here,we proposea simpleheuristicfor estimatinghow many new querieseachnode
shouldinject (i.e., the valueof �#"q� for eachnode $ ) in a distributed fashion. Figure7 outlinesthe steps
in our distributedapproach.Every nodeonly makeslocal decisions.Whena nodedoesnot have enough
queriesto saturateits processingcapacity, it tells all of its neighborsto inject onemore local queryper
round. If a nodehastoo muchremotework, it tells all thenodesthathave sentremotework to it to inject
onelesslocalqueryperround.Wehaveperformedsomeinitial simulationsto compareourheuristicagainst
theoptimalsolution. Theheuristicperformsvery well whenthecapacity� , in numberof queries,is large
comparedto thenumberof nodeswithin = hops.

The randomizationfor �V$g�e� T � and �XW��V� T � is necessaryto avoid oscillationandto stabilizethesystem.
However, theresultingstablesettingmaynotbeoptimal.Hence,abettersolutionis needed.However, note
thattheproposedheuristicis estimatingthenumberof new queries�!� ratherthanthefractionof capacity�
asin thefractiondominatingsetapproach.Thusthis heuristicdoesnotassumeall thenodeshave thesame
capacity� .

9.2 Nodeswith Differ ent Capacities

In reality, super-nodesmayhave differentprocessingcapacities.Theresultsfrom theprevioussectionsno
longerhold becausewe cannotdetermine,independentof thenetwork topology, whena nodeis saturated.
Recallthat if nodeshave thesamecapacity, thenLemma7 guaranteesthata node $ is saturatedwhen $ ’s
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Distributed �!� Estimation

For every �e= rounds(sayat time K ), eachnode$Ì.E� doesthefollowing:

1. If , G I �6$M�8�+"e��,9Ð�� (i.e.,notenoughremotework),

2. broadcastan ��$g�V�y�@� � Y[Z æç"�è \
û é �® � messagewith TTL = .
3. If , G I �6$M�8�+"e��,9»�� (i.e., toomuchremotework),

4. for every nodē suchthat ] �6¯-�8KsKy�v�8���i�l�@. G I �6$<�8�#"e�
5. senda �^W*�V� � Y[Z æç"*è \oû é �® �A��� messageto nodē .

Uponreceiving an �V$g�e� T � or �XW��V� T � message,eachnodeadjustsits �!� by � with probability T .

Figure7: An informal descriptionof adistributed �!� estimationheuristic.

neighborsareinjectingmorequeriesthan $ ’scapacity. However, whennodeshavedifferentcapacities,there
is asimplecounterexample.

Considernodes5 , ° , and $ connectedin a line in thatorder. Now assigncapacity�t� to nodes5 and $
andcapacity� to ° . Sinceall thework from 5 musttravel through° to reach$ , theamountof remotework
at $ is limited by thecapacityat ° . Evenif node 5 is injecting �t� queries,at most � of themwill reach$
eachround,which invalidatesLemma7 for thecaseof differentcapacities.In this particularexample,the
extracapacitiesat nodes5 and $ areirrelevant.

Even for the simplecasewhereonly onenode ° hasmorecapacitythanthe rest,the solutionis non-
obvious andtopologydependent.For example,if ° is in an areaof the network wherenodesareunder-
saturated,thenit shoulduseits extra capacityto inject morequeries.On theotherhand,if ° is in anarea
wherenodesarealreadysaturated,thenthe extra capacityshouldonly be usedto increasethe amountof
remotework atnode° .

Our currentapproachis an incrementalheuristicthat combinesmultiple optimal solutions. The basic
ideais asfollows: Supposenodeshave oneof two possiblecapacities� � and �È� where � � Ð��È� . Then
ourheuristicis to find theoptimal %� settingfor theentirenetwork assumingall thenodeshave capacity� � .
We thencreatea subgraphof theoriginal network thatincludesonly nodeswith capacity�È� . Notethatthe
subgraphmaybedisconnected.We thencomputeanotheroptimal %� × settingon thesubgraphassumingall
thenodeshave thecapacity�È�Ò��� � . For nodeswith capacity� � , their corresponding�#× valueis � . To get
thefinal solution,we let eachnodeinject �#"q� � ��� ×" ���È�Ò� � � � queries.

10 Concluding Remarks

Thispaperusesasimplemodelto studyremotework in aflooding-basedpeer-to-peernetwork. In particular,
we showed

1. For any setting %� , protocol §[© processesthemostremotework.

2. Under protocol §/© with all nodesusing the same � , if we order the nodes (*$ � �������*�8$ " 1 where, B: �6$e¶y��=<��,�?ß, B: �6$e¶5� � ��=<��, , thenthe optimal B��� ����å�æç"�R*è ¿*é � where ! is the smallestinteger suchthatR#"¶ ÿ � , B: �6$e¶y��=<��,!Å%$ .

3. Whennodesusedifferent � , any optimal solution to the minimum fractionaldominating-setof the
network graph � is anoptimal B� solution.
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We believe that our resultscan serve as a benchmarkfor more complex systems. For example,the
proposedheuristic load managementschemeof Section9.1 can be comparedagainsta systemwhere %�
is selectedusingour optimal andcentralizedsolutions. In addition,our solutionscanform the basisfor
heuristics,asillustratedin Section9.2.

Acknowledgment WethankKameshMunagalafor valuablediscussionsonapproximationalgorithmsfor
fractionalbin-packing.
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