Quantifying Agent Strategies Under Reputation

Abstract

Our research proposes a simple game model that captures the incentives dictating the interaction between buy-
ers and sellers and reveals the strategies that evolve in different scenarios, such as eBay auctions. In particular,
we find seller history has a significant effect on player strategy. We prove that for simple reputation-based buyer
strategies, a seller’s decision whether to cheat or not is dependent only on the length of history, not on the par-
ticular actions committed. Given a finite number of transactions, a seller can compute a utility optimal sequence
of cooperations and defections. As more advanced buyer/seller strategies evolve, equilibrium is reached when

players predominantly cooperate.

1. Introduction

Online trading environments, where autonomous agents exchange resources for money or other resources, of-
ten have little or no enforcement of trading rules by a central authority. Consequently, the community of agents
must police themselves by detecting and ostracizing agents that defect on transactions in order to mitigate such
misbehavior. To detect cheaters, the community of agents employs a mechanism that tracks each member’s be-
havioral history so any agent can determine the likelihood another party will defect on a transaction. We refer to
an agent’s behavioral history as its reputation, and the mechanism by which it is formed, the reputation system.
Reputation systems not only allow agents to choose more wisely who to interact with, but also discourage agents
from cheating in the first place.

Reputation systems of all types are currently used throughout the Web. Well-known examples include eBay [4],
Epinions [5] and OpenRatings [19]. In addition, the burgeoning field of peer-to-peer systems research is replete
with work on distributed reputation systems for networks of untrusted agents [3, 9, 11].

While most reputation system work has focused on developing specific protocols and implementation designs

that are tested through simulations, we believe much could be learned through high-level theoretical analysis. In
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our previous work, we explored reputation in online trade using a macroeconomic model [17]. Now we take a
microeconomic approach, primarily concentrating on individual transactions between a small number of buyers
and sellers. This paper presents our initial work in applying game theory to the study of reputation.

This paper concentrates only on selfish peers that seek to maximize their profit, regardless of the harm to other
parties. We do not discuss malicious agents that gain additional utility from the act of harming other peers, though
many reputation systems are designed specifically to root out such agents [11, 16].

For this paper, we are specifically interested in agents that have engaged in a number of trades and therefore have
accumulated a behavioral history. We ignore the issue of bootstrapping reputation for new agents while preventing
whitewashing. We suggest a ”stranger adaptive” technique similar to that proposed in [6] would be effective. That
work is further discussed in Section 7. Also, we do not address how the behavioral history is collected. We simply
assume that a perfect history is available to all agents, allowing us to focus on agent strategies rather than on
mechanisms for gathering transaction information.

We begin in Section 2 by proposing a simple economic game that captures the mechanics of transactions be-
tween a buyer and a seller. Section 3 describes the possible outcomes of each transaction and states the social
optimum. In Section 4, we discuss expected player response and outcome when buyers have no knowledge about
the sellers as well as when they have perfect knowledge of how a seller will respond. While simple, this exercise
introduces the model and the analysis techniques, and will provide insight when we look at reputation in Section 5.
Assuming a perfect reputation system, we show that Nash equilibrium is reached when players predominantly co-

operate. Sections 7 and 8 discuss related and future work. Finally, we conclude in Section 10.
2. Definitions and Dimensions

This section defines a game that provides a simplified model of a generic trading system. Next, we describe

three dimensions which we vary to compose the specific game scenarios we are interested in analyzing.
2.1. Game Setup and Rules

The players in our system are buyers and sellers.

o A seller can provide 1 unit of goods each turn, which we refer to as a bundle. This bundle may be split by the
seller between good resources, denoted by G, and bad resources, denoted by B. Let 0 < g < 1 denote the

fraction of the bundle made up of good resources. For example, bundle [%G : iB] &g = %.

e Each unit of good resources costs a seller ¢ to supply and has a valuation of v to the buyer. Assume v > c.
If not, there would be no price at which both the seller and buyer could profit from a transaction and so no

transactions would occur.



Table 1. Parameter descriptions with sample values

Param. | Description Value
v Valuation of 1G of goods to a buyer 3
c Seller’s production cost of 1G of goods 1
P Price paid for a bundle 2 (for FP)
g Fraction of bundle that is good N/A

Each unit of bad resources costs a seller $0 to supply and has a valuation of $0 to the buyer.

All sellers have the same production costs and all buyers have the same valuation..

A buyer can purchase at most one bundle per turn, but may not want to purchase any.

The buyer always pays the seller before receiving the bundle. Consequently, the buyer can never cheat a seller,
only vice versa. This assumption reduces the complexity of case analysis and mirrors most transactions, where

payment is verified before goods are received and their quality evaluated.

The parameters are listed with descriptions in Table 1, along with default values used in concrete examples
throughout the paper.

As with most economic games, our interest will be to study how various strategies affect the utility of each
player in the game. Therefore, all values given are in units of utility. We will use $ as the symbol for units of
utility. Each player is solely motivated to increase his own utility. When a buyer purchases goods from a seller,
we are interested in the change in utility for each participant of the transaction. We refer to this change in utility
as the profit (positive or negative) of each player. We define social profit to be the sum of all the players’ profits.
We consider the optimal utilitarian strategy to be one that maximizes social profit.

Our investigation breaks down the range of options in three dimensions: knowledge, players, and pricing. The

following describes each dimension as well as the scenarios we consider relevant.

2.2. Knowledge-space

As we wish to look at the effects of reputation information on market behavior, we must specify what informa-

tion about the seller is available to the buyer. We look at three approaches of increasing complexity.

Zero Knowledge (0K): A buyer has no knowledge whatsoever of the transaction history of any seller, even
of sellers he himself has previously interacted with.
Perfect Knowledge (PK): A buyer knows exactly what is the composition of the current bundle being of-

fered by any seller.



Perfect History (PH): We define perfect history to mean that a buyer is aware of the composition of every
bundle each seller has previously sold but not the bundle the seller is currently offering. Perfect history
represents an ideal reputation system capable of supplying the buyer with all information about any seller’s

previous actions.

2.3. Player-space

The number of each type of player in a a scenario is determined as follows:

1B-1S: The simplest player scenario we will look at is a game with one buyer and one seller.

1B-MS: In this scenario there is one buyer but many sellers competing for the buyer’s attention and money.

MB-18S: Conversely, there may be many buyers competing to purchase from only one seller.

MB*MS: After studying the previous three simpler scenarios we will consider more complex player scenar-
ios with multiple buyers and sellers, though the relative number of each will vary. The relative number of
each will be indicated by the appropriate sign (i.e. =, <, or >) in place of “*”. In most situations each of

these cases reduce to one of the three simpler scenarios, depending on relative population size.

When the number of buyers and/or sellers does not matter we will use asterisks notation (e.g. *B-*S). We will
refer to single buyers as B and single sellers as .S. When there may be multiple buyers and/or sellers we will use

{B} to signify the set of all buyers and {S} to signify the set of all sellers.
2.4. Price-space

The two pricing options we consider are:

Fixed price (FP): The system sets a constant price for each bundle. The seller may vary the content of the
bundle and the buyer may choose to buy a bundle or not, but the price does not vary.

When multiple buyers are interested in a single seller in one turn, we assume the buyers are randomly
ordered. The first buyer chooses from all sellers and the rest of the buyers choose from the remaining
sellers, in order. This ordering represents a real world phenomenon where an implicit ordering is obtained
as buyers compete for items offered on a “first come, first served” (FCFES) basis.

Variable price (VP): Each buyer bids on a bundle offered by the seller. The seller accepts the highest bid,
which determines the price the buyer must pay the seller. In the case of a tie, the seller randomly chooses.

We do not concern ourselves with the specific mechanism of the auction, but for simplicity assume an
ascending auction or Vickrey auction [23]. Since all buyers have the same valuation for goods and the
same knowledge about the seller, we expect all buyers to bid the same amount. Therefore, the second

highest bid will equal the highest bid in a Vickrey auction.
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Table 2. General payoff matrix
Bundle(S) | Buyer | Seller | Social Profit

[1G:0B] | v—p | p—c v—oc
[0G : 1B] —p D 0

lg:(1—g)] |vg—p|p—cg| (v—0c)g

Because auctioning bundles does not make sense when there is only one buyer we will ignore scenarios

involving one buyer (i.e. 1B-1S/VP or 1B-MS/VP).

The variable p will denote the price paid for a bundle in either price scenario. In FP, p denotes the fixed price

set by the market, while in VP, p denotes the bid accepted for the bundle.

2.5. eBay Scenario

To help in illustrating the implications of the model, we will at times use examples within the framework of an
online shopping site such as eBay [4]. While mostly known for its variable priced auctions, many items on eBay
also have an associated fixed price allowing a bidder to purchase the item immediately for a specified amount.
Some items are offered on a solely fixed price basis. Therefore, eBay is an excellent scenario in which to discuss
the various aspects of the model across price and player space. For example, when there are more interested buyers
than items offered by a particular seller at a fixed price, the order in which buyers purchase the items is determined
by when each clicked the “By Now” button; first come, first served.

Though eBay covers the spectrum of player and price-space, we specially focus on the two most common

scenarios: MB-1S/VP representing auctions and 1B-MS/FP representing the sale of fixed-price commodities.

3. Strategy Independent Analysis

This section focuses on strategy-independent properties of the model. First we discuss the payoffs each player
receives from a single transaction with different bundles, as well as the social profit. Given that, we derive the

socially optimal bundle.

3.1. Single Transaction Payoff

For a transaction the buyer’s payoff equals the valuation of the good component of the bundle minus the price
paid: vg — p. The seller receives the price minus the cost of producing the good component: p — cg. Adding the
two gives the social profit of (v — ¢)g. These expressions are summarized in Table 2 for easy reference, including

the two extreme bundles, 1G and 1B.



These expressions hold regardless of the strategy employed by players, the number of players, or the information
available to each player. Instead, these factors affect: the bundle chosen by each seller, whether a buyer agrees to
buy a bundle, and the price offered by the buyers in the variable-priced scenario.

To illustrate, the following examples assume a bundle valuation of v = $3, a production cost of ¢ = $1, and
a fixed price of p = $2 (listed in Table 1). The payoff matrix for different sample bundle distributions for these
specific parameter values is given in Table 3. The last row gives the payoffs as a function of g, the fraction of the

bundle that is good effort.

Table 3. Payoff matrix for fixed $2 priced goods with valuation $3 and cost $1

Bundle(S) | Buyer | Seller | Social Profit
[1G : 0B] 1 1 2
[1G:iB] | 05 | 15 1
0G:1B] | -2 2 0

lg:(1—g)]|39-2]|2—9g 29

The payoff to buyers is the value of goods acquired minus the price. The payoft to the seller is the amount paid
minus the cost of producing the bundle of goods. For example, consider the second row in Table 3 where a buyer
purchases a bundle that is half good resources and half bad resources. The buyer gains % - $3 utility but pays $2 for
a total loss of $0.5. Tt cost the seller $0.5 to produce the bundle (specifically the %G) and it received $2 in payment
for a total gain of $1.5. Therefore, the total increase in utility, or social profit, from the transaction was $1.

Remember, the buyer may always decline the transaction resulting in $0 profit for both parties. If the seller is al-
lowed to only produce [1G : 0B] or [0G : 1B] bundles, this game resembles the one-sided prisoner’s dilemma [21],
where it is one player’s interest to defect when the other cooperates, while the other player wants to strictly coop-

erate.
3.2. Social Optimum

Our objective function is to maximize social profit, which we define as the sum of utility gained/lost by both
the buyer and the seller. From Section 3.1 we have the social profit from a transaction as (v — ¢)g. Since v —¢ > 0
by definition, clearly the social optimum results when the seller maximizes g by producing 1G.

Because social profit is independent of price or player strategy, this social optimum holds for both fixed and
variable pricing and is constant across knowledge-space and player-space as well.

As we will see, the social optimum is an equilibrium for selfish agents in certain scenarios. An additional
advantage of this social optimum is that it does not require the seller to know the valuation of the buyer, as long as

v > C.



4. Selfish Analysis

Here we compare optimal strategy previously described with player strategies due to independent selfish be-
havior. This section studies the OK and PK knowledge-space while the following section focuses on the more
interesting and complex Perfect History. Each part begins analyzing a one buyer-one seller scenario with fixed

prices (1B-1S/FP). When applicable, variations in player-space and price-space will be discussed.
4.1. Zero Knowledge

Suppose 1B-1S/FP and consider the case of OK, where the buyer has no knowledge of the seller’s current bundle
or what she has offered in the past. If every transaction is completely disconnected from all other transactions, then
the seller’s choice in bundle has no effect, positive or negative, on future transactions. Each round is equivalent to
a one-shot Stackelberg game where the buyer always leads. Therefore, seller will offer 1B in order to maximize
personal profit (p — cglg = 0 = p). However, if the seller is expected to provide 1B, purchasing from her will
result in negative profit for the buyer (vg — p|g = 0 = —p). Therefore, the buyer will decline the transaction,
resulting in $0 profit for each and thus no increase in total utility.

Increasing the number of players or using variable pricing will not affect the fact that it is in each seller’s interest
to sell 1B if buyers are unable to distinguish between sellers or their bundles in any way. Therefore, it is in every

buyer’s interest to reject the transaction.
4.2. Perfect Knowledge

Let’s begin again with 1B-1S/FP. Suppose the buyer knows exactly what bundle the seller is offering (PK).
Unlike under OK, each round is now a Stackelberg game where the seller always leads. Given that buyer B’s only
choices are to purchase the offered bundle or reject the transaction, seller .S need only offer the minimal bundle as
to give B positive profit. Solving vg — p from Table 2 for g : (1 — g) yields a threshold bundle of [2G : =2 B].
If the seller offers any bundle with more good resources, the buyer will accept. Let S offer e more good resources

(and thus € less bad resources) where ¢ — 0 to ensure a very small but positive profit for B. This mixture results

p

in a profit gain of ve — 0 for the buyer and p — c”% —ce—p— c”v;p for the seller. The social profit is simply

v—p
R

the profit of the seller, p — ¢

Using the default values for the parameters from Table 1 produces a threshold bundle of [%G : %B} with a social

profit of $§.

Next we expand our player set to include multiple buyers, then multiple sellers.



4.2.1. Buyer’s Market. Consider the 1B-MS/FP under PK scenario with n sellers but only one buyer. Each turn
the buyer chooses the seller with the best bundle from which to purchase a bundle at the fixed price. If all sellers
offer the same bundle, each seller has probability % of being chosen.

Sellers can no longer offer the minimal bundle that gives a buyer a positive profit. If they do, one seller will
realize that they can increase their chance of selling their bundle from % to 1 by slightly improving their bundle
above that of the rest. Quickly, the other sellers will follow suit and improve their bundles up to or past that of the
first seller. In the end, all sellers will offer a bundle of 1G resulting in an average profit rate equal to the probability
of being chosen times the utility gained from selling 1G, or % - (p — ¢). No seller is motivated to change their
bundle because offering anything less than the rest of the sellers guarantees they will not be chosen.

Now the Nash equilibrium equals the social optimum.

Next, consider the MB<MS scenario. Suppose there are m buyers, m < n. The same equilibrium will result.
After m — 1 buyers have made a choice and chosen a seller there will remain multiple sellers for the last buyer.
For these final players the problem degenerates to the 1B-MS situation and so all remaining sellers must offer 1G.
All previously chosen sellers must have also offered 1G. If one had not, she would not have been chosen before

the remaining sellers who are offering a better bundle.

4.2.2. Seller’s Market. Next, consider the MB-1S/FP/PK scenario. Let there be m buyers and one seller. Since
the seller can only sell one bundle per turn and the price of the bundle is fixed at p, she will offer the minimal
bundle so as to guarantee a sale. Just as in the first case of equal number of buyers and sellers this bundle needs to
be only slightly better than [%G : %B] resulting in the same Nash equilibrium as 1B — 15.

Now we consider the variable price scenario. Instead of randomly ordering the buyers, thus guaranteeing that
the last m — 1 will not be able to (or not want to) purchase any goods, what if we allowed the buyers to bid for
bundles?

We begin with a single seller and multiple buyers (MB-1S/VP/PK). Table 4 lists the payoffs to both the buyer
and the seller, as well as the total social profit for three different bundles. As expected, the social profit is the same
for each bundle as in the FP scenario.

If each buyer is free to bid any price we can expect them to bid at or below the bundle valuation. Assume the
valuation of the bundle is vg > 0 (the seller offers a bundle with at least some good content). A buyer B would
like to pay as little as possible, say $0. However, a second Bo will happily offer a bit more in order to secure
winning the auction. It is in B’s interest to raise his bid beyond that of Bs. This continues until one or both bid
the actual valuation vg.

Using the MB >MS/FP scenario, we find that a similar analysis yields the same equilibrium as for the MB-1S/FP

scenario. The seller will choose a bundle so as to limit the buyer’s profit to 0.
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Table 4. Payoff Matrix for variable priced p goods for default v = $3 and ¢ = $1.

Bundle(S) | Buyer | Seller | Social Profit
[1G:0B] | 3-p | p-1 2
[1G:31B] | 1.5-p | p-0S5 1
[0G:1B] | 0-p D 0

The MB>MS/VP scenario is not as trivial. The model specifies a buyer can acquire one bundle per round.
With multiple sellers auctioning their bundles should buyers be allowed to bid on multiple concurrent bundles?
One solution is to order the sellers and conduct the auctions sequentially. The buyer who wins the bundle cannot
participate in progressive auctions. With more buyers than sellers, we are guaranteed to have multiple bidders for
each bundle and so the same equilibrium price as the MB-18 is expected.

Similarly, if we allow buyers to purchase multiple bundles, and the valuation of each bundle is not affected by
the number acquired, then we would expect every buyer to participate in each seller’s auction. Once again, this
situation degenerates to the MB-1S case.

The last scenario is auctions held in parallel and buyers can only purchase one bundle and therefore only bid on
one bundle. Here we break it down into two cases: one with more than twice as many buyers as sellers, and one
with less.

The first case is the simplest. Each seller’s auction will be bid on by two or more buyers, mirroring the MB-1S
situation. If not, if there were a seller with only one buyer bidding on its bundle then that buyer would have an
advantage and would bid low (less than v). However, there must be a seller with three or more buyers bidding for
her bundle. One of those buyers would see that the single buyer was bidding less than v and move its bid over the
the single-buyer seller and escalate the bid. Now every seller has multiple buyers bidding.

In the second case, there are less than two buyers for each seller. Some sellers will have only one buyer bidding
for their bundles.

To summarize, the OK results indicate the need for some information about a seller’s behavior if any trades
are to happen. Even with perfect knowledge, the seller will not necessarily act in the best interest of the buyer.
However, in many scenarios the seller has incentive to offer the best possible bundle. While obvious in situations
where multiple buyers are competing for one buyer’s attention (and money), it also holds when multiple buyers

are competing for one seller’s item in an auction scenario.

5. Perfect History

We begin by proposing very simple strategies for both buyers and sellers, then incrementally modifying them

in response to the other players’ current strategy until the players reach a Nash equilibrium.
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As defined in Section 2, perfect history (PH) entitles all buyers to know the transaction history of every seller.
We will simplify our model to allow sellers to sell one of two bundles: 1G or 1B. If the seller offers 1G we say the
seller cooperates on the transaction. If she offers 1B, she is defecting on the transaction. We argue that assuming
a binary bundle does not greatly weaken our model. A buyer’s decision on whether to buy, and at what price, will
be based on the probability he expects the seller to cooperate or defect. This probability will be estimated based
on all sellers’ history/reputation.

We assume that each seller has accrued a number of transactions in her history consistent with the strategy
she employs. We do not focus on the reputation bootstrapping problem (when a seller has no history) which is
outside the scope of this paper. When necessary we simply assume buyers expect sellers to cooperate on the first
transaction.

To simplify our initial analysis of strategies for both buyers and sellers, we begin with buyers assuming a
simple model for the behavior of each seller. Given this assumption, a buyer will choose a strategy. If sellers then
assume each buyer follows that strategy, they will choose their own strategy. We then repeat the process, until the
progression of strategies reaches Nash equilibrium where neither player has incentive to change their strategy.

The first section proposes initial strategies for both buyers and sellers. The following section explores improved
strategies under the auction scenario (MB-1S/VP), while the final section concentrates on strategies in the fixed-

price market (1B-MS/FP) scenario.
5.1. Basic Reputation-based Strategies

Coin Model (CM): Each round, seller S randomly chooses whether to cooperate or defect with probability pg
of cooperating.

This simple model mimics each seller flipping a biased coin each turn. If there are multiple sellers in the system,
each seller may have a different bias p; ¢ € {S} where {S} is the set of all sellers, whether one or more.

Buyer Strategy (1 (BS-31): Buyer B assumes seller S follows the coin model, estimates S’s probability of
cooperating and will pay up to vpg.

Regardless of the number of buyers and sellers (*B-*S), each buyer initially considers each seller .S indepen-
dently. To determine the likelihood of .S cooperating on the next transaction, B needs to know pg. Given pg the
estimated valuation of S’s bundle is vpg + 0(1 — pg) = vpg. Therefore, B will be willing to pay up to vpg for
S’s bundle. Consequently, the price a seller can command is proportional to her reputation. This intuitive result is
supported by empirical findings [12].

Though B may not know pg, it can estimate it by using the seller’s transactional history. Specifically, by
counting the number of transactions it has previously cooperated on and dividing by the total number of transaction

we have an unbiased estimator for pg. Let T be the total set of transactions S participated in and C's be those
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transactions in which S cooperated.

. |Cs
(1) 5= ’TS||
To understand how p affects the buyer’s decision, first consider 1B-1S. Buyer B calculates pg and is willing to
purchase from S if the fixed price (FP) p < vwpg. If S is auctioning the bundle (MB-1S/VP), B will offer at most
vps.
Now suppose there are multiple sellers to choose from (1B-MS). B estimates p; Vi € {S}. Now consider the

following cases.

o FP: B seeks to maximize expected profit vp; — p for fixed price p. Therefore a single buyer (1B-MS) will
choose to purchase from S whose ps > p; Vi € S. If there are multiple buyers (MB*MS) competing for
the bundles on FCFS, from among the remaining sellers with available bundles, B will purchase from the
seller with the highest g; such that vp; — p > 0.

e VP: Variable pricing only applies to M B > M .S, or M B < M S if buyers can purchase multiple bundles

per turn. In either case, B will bid up to vgg, just as in the single seller scenario.

In BS-3; the buyer(s) assumes the seller applies the coin model. Now we will look at how the seller should
respond if it assumes buyers are using BS-3.

Seller Strategy o1 (SS-01): Seller S assumes buyer uses BS-(31. S follows coin model, but can choose appro-
priate pg when it enters the system. However, S cannot vary pg over time.

In other words, we allow S to freely choose pg but not vary it over time (we relax this constraint in the following
sections). In the 1B-1S FP scenario, pg needs to be sufficiently high so that the expected valuation calculated by
the buyer is greater than or equal to the price p. Therefore, vps > p = pg > 2. The same result holds for MB-1S
FP.

However, in 1B-MS/FP, S expects the buyer B applying BS-3; to choose the seller with the highest pg. All
sellers will choose p = 1. If not, if all sellers choose a p < 1, then one seller 7 could unilaterally raise her p;
above that of the other sellers and guarantee that she is chosen by B. This move would prompt the other sellers to
increase their p to be competitive, until all sellers are using p = 1. If one seller does not follow suit, and keeps her
p < 1, then there is no chance of B choosing her.

Rational sellers will set p = 1 only if they can expect to have positive profits. Note that, if all sellers adhere to
Seller Strategy o the expected payoff every round for a seller S'is < if pg = 1 where n is the number of sellers
with p = 1. Since only p = 1 generates positive profit for the seller, we would not expect any rational sellers to
chooseap < 1.

Finally, consider the MB-1S/VP scenario. Following the same reasoning as for MB-1S VP under perfect knowl-

edge we once again find the preferred pg for seller S is 1 as long as v > c.
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If all sellers must adhere to SS-o1, then the buyers have no incentive to deviate from BS-(1, resulting in Nash

equilibrium.
5.2. Independent Decisions for MB-1S/VP

In this section we consider only the one seller, multiple buyer, variable priced, perfect history scenario. The
work also applies to multiple sellers, but where buyers are not restricted to purchasing at most one bundle per
turn, thus allowing them to bid in each seller’s auction. This scenario represents the type of markets we are most
interested in, namely eBay-style auctions. Instead of insisting on a constant p over all time as with SS-o1, we
allow the seller to decide whether to cooperate or defect on each transaction separately. As we will see, a crucial
factor in the seller’s strategy is the total number of transactions the seller plans to execute.

Suppose seller S has committed n transactions, m of which were good and n —m were bad. Assuming variable
priced bids and buyers applying Buyer Strategy (31, a buyer will bid up to v+ for the next bundle offered by seller.
Should the seller cooperate or defect? If she cooperates the expected bid price of the next bundle will be U%.
If the seller defects she gains a one-time benefit of ¢ (compare 1G with 153 in Table 4), but the expected price of
the next bundle will be vni“, slightly lower than if she had cooperated. Regardless of .S’s previous or successive
behavior, how many additional transactions must S perform before the long-term damage done to her reputation
by one defection outweighs the one time gain from that defection?

To measure the effect of a seller’s decision on long-term utility we calculate utility over time for each case,

cooperate or defect, and see after how many rounds the values are equal.

Lemma 5.1. Assuming buyers follow BS-[31, a seller S that has committed n transactions will gain more utility
from defecting rather than cooperating on the n + 1 transaction if S performs less than k additional transactions
and less utility if S performs more than k additional transactions, where k ~ (n + %)(ec/ v—1).

Proof Suppose seller .S has a history of n transactions, in /m of which she cooperated. On the n + 1 turn the seller
chooses either to defect or cooperate. Let k be the number of turns .S sells bundles after she cooperates/defects on
turn n + 1.

Let U(n) be S’s utility after the first n turns. Let U.(z) be the utility of S after z > n turns, assuming S
cooperated on the n + 1 turn. Similarly, let Uy(z) be the utility of S after z > n turns, assuming S defected on the
n + 1 turn. Before we formulate U.(z) and U;(2) we must define some auxiliary functions.

Define function fg(¢) to return 1 if S cooperated (C') on turn ¢, or 0 otherwise.

Define function F(t) to be a nondecreasing function equal to the number of turns .S has cooperated after ¢

turns. For example, since .S cooperated m times in her first n transactions, Fg(n) = m.

) Fs(t) =) fs(t)
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Figure 1. Equations for utility of a seller under MB-1S/VP depending on whether she cooperates or
defects on turn n + 1.

Define Fg Y(t) to be a non decreasing function equal to the number of turns S has cooperated after ¢ turns,

excluding turn y:

3) FU(t)= > fs(i)

i=1,iy

Basically, for any ¢ the value of F¢ ¥(¢) is independent of how S acted on turn y. Expressed mathematically,

) vty (Fs (O1fs(y) = 1} = {F5 ™ (0)|fs(y) = 0}
Specifically of interest to our problem substitute y with n + 1.
vt {Fg ") fs(n+1) =1}

®) —(n+1)
={Fs™"" (@)|fs(n+1) = 0}

Function Fy (1) (t) allows us to express the fact that the seller is consistent as to whether she defects or cooper-
ates after turn n + 1 regardless of the decision she made that turn. As we are dealing with only one seller we will
ignore the subscript.

As stated above, buyers follow the consistency bid model described by BS-31, therefore each turn .S is paid the
fraction of transactions she has cooperated in the past times the value of cooperation, v.

The following equations express the seller’s utility % turns after the cooperate/defect choice is expressed by the
equations in Figure 5.2.

Notice in Equation 6 the additional 1 in the summation fraction indicating S cooperated on the n + 1 turn. Set

the two utility equations equal to each other and solve for k. The full derivation is presented in Appendix A.

(8) Un+1+k)=Us(n+1+k)
©) b () = 1)

Using our default parameter values (v = 3 and ¢ = 1) results in k£ ~ 0.40n + 0.2, which means a seller that has
accumulated a history of 10 transactions would profit more from cooperating on the next sale than defecting if she

plans to participate in 5 or more additional transactions.
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Figure 2. Number of transactions until gain from single defection equals loss from lowered reputation
k.

Figure 2(a) shows the linear relation between n and k for three different values of v/c. For example, for n = 40
and v/c = 2, k = 13.3, therefore, given that a buyer’s valuation of a good bundle is twice the cost of producing
the bundle, a seller with a history of 40 sales (good or bad) will profit less from defecting than cooperating on the
next sale, if she sells 14 or more additional bundles. Interestingly, & does not depend on m or f(x), only n. This
means that the seller’s decision to cooperate or defect on past or future transactions has no impact on whether she
should cooperate or defect on the current turn; only the quantity of past transactions matters.

The other factor affecting k, in addition to the length of a seller’s history (n), is the cost and valuation of goods.
More specifically, as valuation increases with respect to cost, the optimal fraction of total transactions to defect on
decreases. The ratio of cost to valuation is illustrated in Figure 2(b) for three values of n.

Intuitively, as the difference between cost and valuation shrinks, the potential for profit goes down. For instance,
if valuation equals cost plus a small §, then the highest price buyers will be willing to pay is the cost of the bundle
plus §. If the profit a seller can make from the sale of a good bundle is a fraction of the cost, then the utility
earned by saving on the cost of one bundle outweighs the profit loss on many good bundles. This is represented
by the sharp rise in & as v/c approaches 1 in the figure. As the cost of producing a good bundle becomes a smaller
fraction of the valuation, and thus the bid price the seller can command for a bundle, then the decrease in bid prices
due to lower reputation quickly usurps the one-time gain from defection. As v/c approaches oo, k converges to 0.

This analysis suggests a new seller strategy for the MB-1S/VP/PH scenario:

Seller Strategy o3: Seller S assumes buyer uses BS-f1. Suppose S knows beforehand how many total bundles
she wants to sell, Z, and the cost and valuation of bundles. S will maximize her utility by cooperating on the first

[(Z — $)e=¢/* — 17 transactions and then defecting on the rest.
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If S knows the total number of bundles she will auction over her lifetime in the system (call this Z), S can max-
imize her profit by cooperating for some of the initial transactions then, at a certain point, switching and defecting
on the rest. Lemma 5.1 gives, for a certain number of completed transactions, how many more transactions must
be completed for the one-time gain from defecting to equal the long-term loss due to a lower reputation. If a seller
defects and performs less than k additional transactions, the defection was in her benefit. If S performs more than
k, then she has less utility than had she cooperated. Therefore, ideally S’s strategy is to cooperate on all sales for
a number of turns, then defect on the rest of the turns. When the number of transactions in the cooperating phase
is n, the number of transactions in the defecting stage is k£ + 1, and the two values are related by Lemma 5.1, the
utility is maximized.

Below we prove SS-o4 is optimal for a seller participating in a predetermined number of transactions under the

scenario MB-1S/VP/PH where the buyers are using BS-o7.

Definition Let a transaction schedule of length Z be a permutation of exactly Z cooperations and defections. Let
ZZ be the set of all possible transaction schedules with = cooperations and Z — z defections. For example (C C D
DCDC)e =],

Definition The utility of a transaction schedule T, U(T), is the total utility gained or lost by a seller who commits
exactly Z transactions and cooperates or defects in the order specified by 7', assuming MB-1S/VP with buyers
using strategy BS-(1. U(T) for any schedule 7" is equal to the sum of the payment received for each bundle
minus the sum of the cost of producing good bundles. The total cost for a transaction 7' € ZZ is ac (cooperations
times cost of each). The payment received by a seller S for each bundle is equal to the buyers’ valuation of a
good bundle times pg which, for the ith bundle, is the number of cooperations in the first ¢ — 1 turns divided
by ¢ — 1. For simplicity we will assume pg = 1. As stated earlier, we assume buyers always trust new sellers
on their first bundle. This assumption only affects the payment on the first bundle and is equal for all schedules.
Mathematically,

. 2 Pri—1)
(10) VI'e=? UT)= v + Zvﬁ — @xc

payment 1=2
other payments

Note, the subscript in Fip(i — 1) refers to the transaction schedule. We define Fip(i — 1) as the number of cooper-
ations in the first ¢+ — 1 terms of transaction schedule 7.

Given a seller makes Z transactions with 0 < z < Z cooperations and Z — x defections, we will show that

(i) autility optimal transaction schedule will consist of all = cooperations first, then all Z — x defections, and
(i1) for such a transaction schedule the optimal number of cooperations is x = {(Z — %)6*0/ v — %W .

Theorem 5.2. Assuming that buyers use strategy BS-(31, the utility optimal transaction schedule of length Z with
x cooperations and Z — x defections consists of executing all x cooperations first, followed by all Z — x defections.
We refer to such a schedule as a segregated schedule.
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Proof by contradiction Let T e ZZ be an optimal transaction schedule in ZZ such that at least one defection D
appears before at least one cooperation C' in the schedule. Let i be the index of the first D in £ and j be the index
of the last C'. By definition ¢ < j. Construct transaction schedule 7" by swapping the D at position ¢ with the C'

at position j. By definition U (1) > U(T"). Represent each utility using Eq. 10.

(11) U(T) > U(T
A z
Fa(k—1) Fri(k—1)
12 E v > E i A P A
(12) U+k_2v — :c*c_v+k_2v — T *C

Notice both schedules have the same total cost due to having the same total number of cooperations (z). Both also
have the same initial payment. Because only the ¢ and j terms in T were swapped to form 7", then Vk < i,k >

Jj  Fj(k) = Fri(k). Cancelling out equal terms leaves

Z Z
Fa(k—1) Fro(k —1)
k=2 k=2
J J
Fp(k—1) Fro(k — 1)
(14) P e D Dl e
k:z+1 k):’L-‘rl

However, 7" has C' in the ith position where T has a D, while all other positions less than j are the same. Therefore,
by definition of function Fr(k), Vk i <k <j Fj(k) = Fr (k) — 1. This fact, however, contradicts Eq. 14,
which implies that 3k i@ < k < js.t. Fjs(k) > Fr/(k). Therefore, a utility optimal transaction schedule cannot

have a defection appear in the sequence before a cooperation.

Intuitively, because the benefit from defecting is a one-time savings on cost, while the benefit of cooperation is
improved reputation which in turn increases the expected payment for each future bundle. Therefore, executing a
set number of cooperations before any defections will maximize the benefit gained from those cooperations.

Theorem 5.2 implies that once a seller has decided it is in her interest to defect once, it will be in her interest
to defect every time until she exits the system. Next we check to see if there is always one value of the number of
cooperations that will maximize the utility of a segregated schedule of length Z.

First, we need an expression for the utility generated by a segregated schedule.

Definition Let Uy.,(Z, x) be the utility of a segregated transaction schedule of length Z with z cooperations
followed by Z — x defections. If we assume an MB-1S/VP scenario with buyers using BS-531, Useq(Z, ) can be

expressed as
z-1
(15) Useg(Z,x) = (v — )z + Z v
1=

where (v — ¢)z is the utility from the = cooperations, v is the utility from the first defection, and the summation is

the utility from the remaining defections. Note, as in Eq. 10, we are assuming buyers always expect the seller to
16



cooperate on the first transaction. This assumption simplifies our derivations and analysis but does not affect our
results. As we will see, for Z > 2, the seller should always cooperate on the first transaction.
Theorem 5.3. For a given value of Z the utility function for a segregated transaction schedule (given by Equa-

tion 15) has at most one unique global maximum for valid values of 0 < x < Z.

Proof The formal proof of Theorem 5.3 is given in Appendix B. Basically, the second derivative of Usey(Z, )

(Eq. 15) with respect to « (the number of cooperations) is —2v 72 ﬁ, which is always negative between 0

and Z. Therefore, Eq. 15 can have a most one maximum for any valid value of x.

Now knowing that a segregated schedule of the form (C C...C D D ... D) with z cooperations followed by
Z —x defections has a unique optimal value for x that maximizes Ug.q(Z, ) for a specific Z, how can we compute
it? Due to space considerations we derive an approximate answer by approximating Eq. 15 with a continuous
function. We then state (Theorem 5.5) a tighter approximation based on Lemma 5.1 and its proof in Appendix A,
whose full derivation is presented in Appendix C.
Theorem 5.4. Assuming that buyers use strategy BS-(1, the utility optimal transaction schedule of length Z

consists of approximately {(Z — 1)~/ ”—‘ cooperations followed by [(Z — 1D —e )+ 1J defections.

Proof Approximate Use,(Z, x) as the continuous function U
3 Z-1
(16) U=(w-cx+ / v;dt
T

Simplifying and taking the derivative with respect to x yields

(17) U=@w=-cz+vxln(Z —1) —vzxln(x)
i
(18) d—U:(v—c)—l-vln(Z—l)—vln(x)—v
x
Z —1
(19) —Uln( - )—c
Set % = (0 and solve for .
dU Z—1
(20) %—vln( - )—C—O
Z —1 c
1) ln< . )_ -
Z -1
(22) = /v
T
(23) = (Z—1)e "
Note that the second derivative of U is
277 7 _1)2
(24) U __ 2=y
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Figure 3. Optimal number of cooperation/defections as a function of total sales.
which is negative for all 0 < z < Z. Therefore, the value of x given in Eq. 23 must give the unique maximum in

U for all valid values of x, just as for Useg(Z, x) (Theorem 5.3).
Because we are interested only in integer values for x and Z — z, the resulting equations for the optimal number

of cooperations and defections in a segregated transaction schedule of length Z would be
(25) ne(Z) = {(Z - 1)e*c/”]
(26) np(Z) = |(Z=1)(1 - e") + 1]

Where no(Z) and np(Z) are the number of cooperations and defections (respectively) in a utility optimal segre-
gated schedule.

As stated earlier, performing a derivation based on the discrete representation of utility (presented in Appen-
dix C) results in a better approximation with error bounds that approach 0 as Z approaches oo. Restating Theo-
rem 5.4 with a tighter approximation:

Theorem 5.5. Assuming that buyers use strategy BS-[(31, the utility optimal transaction schedule of length Z
consists of approximately [(Z — %)e_c/” — %-‘ cooperations followed by {(Z — %)(1 - e_c/”) + 1J defections.

We now focus solely on this improved approximation for constructing an optimal segregated schedule of length

Z.

27) nol(2) = [ (2 - %)e‘c/“ - 5
(28) no(Z) = [(Z - )0 —e) +1]

Figure 3 shows both nc(Z) and np(Z) as functions of Z for v/c = 3. Notice that both are linear in Z,
though nc(Z) grows at a faster rate, so that it is always roughly 2.5 times np(Z). This ratio is determined by

the valuation/cost ratio. For our default values of ¢ and v ($1 and $3, respectively) and a sufficiently large 7, the
18
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Figure 4. Relative utility error between optimal schedule and +1 C/D.
equations indicate a seller should cooperate on roughly the first 70% of the transactions and defect on the rest. For

example, we see that at Z = 40, n¢(Z) =28 and np(Z) = 12; % = 70%.

In deriving Lemma 5.1, and consequently Eqs 27 and 28, we used a closed form approximation of a finite
harmonic series (see Appendix A). To numerically evaluate the approximation error we compute the following
two error functions:

Definition From Eq. 15 we define Uyeq(Z,nc(Z)) as the utility of the transaction schedule with supposedly

optimal number of cooperations and defections. Define error functions f;7(Z) and f. (Z) as

U(Z,nc(2)) —U(Z,nc(Z)+1)

> @)= U(Znc(2)
(30) £(2) = Uz, nc(ZU)EZ—’nUC((ZZ,;c(Z) -1)

Functions f;"(Z) and f; (Z) give us the relative error between the schedule we assume to be optimal and the
two closest schedules of length Z, namely with one more and one less cooperation, respectively.

The following error analysis is applied to the tighter approximation from Theorem 5.5. Due to space constraints
we leave out the analogous evaluation for Theorem 5.4.

In Figure 4 we plot £ (Z) and — . (Z).! For large enough Z, neither curve crosses 0, indicating that indeed the
schedule we believe is optimal does result in better utility than a schedule with one more or one less cooperation,
and is therefore at least a local maximum. For small Z (Z < 5), however, nc(Z) is not necessarily optimal. In
fact, though not visible in Figure 4 because it lies outside of the y-range, f.7(Z) attains negative values for Z =
1,2,3 and 4. These results indicate that nc(Z) + 1 results in better utility than no(Z) for very small Z, which
is expected because the approximation for k£ from Lemma 5.1 is weakest for very small Z. However, for very
small Z the behavior of buyers towards unknown, untested sellers is an important factor. Originally, we stated we

wanted to assume sufficient history in order to ignore reputation bootstrapping issues.

Iwe negate the second function to better differentiate both functions in one graph.
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Calculating the same error functions using the weaker approximations from Theorem 5.4 reveals that ;7 (7) is
periodically negative, regardless of how large Z gets.

The previous numerical error analysis demonstrates that the value computed by Eq. 27 specifies the local max-
imum for Useq(Z, z). Applying Theorem 5.3, we know the value must be a global maximum because the utility
function has only one unique maximum in the valid range.

Notice that if the seller plans to participate in the system selling bundles indefinitely, we may set Z = oo. In
this case nc(c0) = oo. Therefore, SS-o2 dictates that a seller that plans to sell goods for the foreseeable future
should always cooperate. As expected, this result is exactly the same as SS-o1, which sets p = 1.

So far we have constrained the buyers to strategy BS-3;. If we remove this restriction, how will buyers respond
to sellers using SS-02?

Buyer Strategy 32: Buyer B assumes seller S uses SS-02. Not knowing how many bundles S will sell in all
(Z), B should assume S will always cooperate until S defects once. From then on assume S will always defect
and never purchase from S again.

Knowing that the optimal strategy for sellers is to cooperate for their first x transactions and then defect on the
rest, a buyer will watch for a seller’s first defection and then refuse to purchase any more bundles from it.

If a seller assumes all buyers are using BS-/35, the seller will adopt a new strategy. Knowing that no buyer
will purchase a bundle from her once she has defected once, and given that the seller makes a larger profit from
cooperating on a transaction than not selling anything at all, the seller will cooperate on every transaction except
on the very last one.

Seller Strategy o3: Seller S assumes buyers use BS-(32. Given a total of Z bundles to sell, S will cooperate on
the first Z — 1 bundles and defect only on the last bundle.

To this seller strategy, a buyer will respond with BS-35, indicating an equilibrium. Notice SS-o3 is almost
equivalent to SS-o1, where each seller cooperates on every transaction in order to maximize p.

Using the estimator p alone, BS-/3; is unable to distinguish whether a seller, with a history of 15 C's and 3 Ds,
is applying SS-o1 or SS-03. Obviously, a player’s reputation score must rely not only on the number of cooperates

and defects, but the sequence as well.
5.3. Independent Decisions for 1B-MS/FP

We continue studying the expected player behavior when sellers decide on a per turn basis whether to cooperate
or defect. While the previous section dealt specifically with the MB-1S/VP scenario, in this section we concentrate
on the 1B-MS/FP scenario.

A rational seller’s decision whether to cooperate or defect is not fixed over time (as in SS-01); it may vary as

both her and other sellers’ reputations vary. For example, suppose there are 10 sellers, S1...51¢ and one buyer B
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that is willing to pay a fixed price p for one bundle and follows Buyer Strategy 3. Each seller has previously
sold 10 bundles, of which 5 were good and 5 bad. All else being equal, the buyer will prefer to purchase from the
seller with the best transactional record, expressed as the fraction of transactions in which they cooperated. To the
buyer who must choose one, all ten are identical and thus all have an equal chance of being chosen, 0.1. Suppose
B chooses S7. If Sy defects, it’s transaction record will drop to 11 while the rest remain at 5. In the following
round, having a clearly worse record will disqualify S from selection, lowering S1’s probablhty of being chosen
to 0 and raising the other seller’s chance to %. However, if S7 had instead cooperated with B then her record would
be %, higher than the other sellers. In the following round we would expect B to choose S with probability 1 as
she clearly has a better record than the rest. These expected outcomes provide incentive for .S; to cooperate.

In the following round, B chooses S again. If S defects, her record falls to equal to that of the other

ﬁa
sellers. S; is no longer guaranteed to be chosen and once again has a probability of 0.1. Therefore, once again, S
is incentivized to cooperate.

The third round, however, the situation is more interesting. If S is chosen and defects her record drops to 1—73,
which is still better than the rest of the sellers with 5 . There is no disincentive for S; to defect. In fact, comparing
1G to 1B in Table 3, S clearly has incentive to defect and earn more utility than cooperating.

This analysis suggests a new strategy for the seller.

Suppose there are n sellers, each with ¢; cooperations and d; defections (c;/d; not necessarily equal to c;/d;, if

1 # j). Assume a buyer ranks sellers according to their reputation score, calculated as for seller 7. Then a

+d
seller ¢ would choose to defect on a transaction if cﬁcdﬁ > Cji—ﬂd] Vj # i. Otherwise, the seller cooperates. More
generally stated,

Seller Strategy 04.: Assuming buyers use BS-(31, seller S always cooperate unless her reputation is sufficiently
higher than the other sellers that a defection still gives S a higher reputation than the rest.

Now we relax the assumption that buyers strictly use BS-(1.

In the example above, we noted that S; had incentive to defect in round 3 while keeping her standing as the
highest reputable seller. Consequently, B may be better off ignoring .S; and choosing one of the other sellers,
contrary to BS-3;. Now, the situation is reduced to the problem of 9 equal sellers, all with incentive to cooperate.

Suppose B chooses S2 now. As before Ss is expected to cooperate, raising her reputation to %. On the fourth

round, B will choose S; again, since if she defects, S1’s new reputation of 1—73 will be lower than S5’s.

c+dszc+d

Vj # S. In such a case, the buyer should choose the seller 7" such that o + = o + 7 Vj #S.

If sellers are expected to use SS-04, a buyer should then choose the seller .S, such that V37 unless

cs
Cs+dg+1 >

cj +d
In other words,

Buyer Strategy [3: Assuming sellers use SS-o04, buyer B always chooses to buy from the seller with the highest
reputation whose rank (from most reputable to least reputable) would fall if they defected.
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We believe that knowing buyers are using BS-(33 will not cause sellers to deviate from SS-o4, and hence equi-

librium is reached. We do not present a formal proof here.

6. Variably-valuated goods

So far we have discussed situations where every good sold by a seller had an equal cost. In real markets a seller
sells goods of varying value. How does this affect reputation? How important is the value of the transactions in a
seller’s history? If no import is placed on the transaction value a seller could accumulate a high reputation selling
inexpensive goods and then defect on one large transaction.

One improvement may be to use the price of each transaction when computing a seller’s reputation. For exam-
ple, let us assume a buyer is using BS-3; and wants to calculate gg for seller S. Instead of using the formula in

Equation 1 where each previous transaction is reduced to O or 1, we can use the following equation

N Eiecs p(i)
€1y S == "~
ZiETS p (Z)
This estimator allows a buyer to better detect a seller who purposefully cooperates on small transactions, but
defects on very large ones, and distinguish that seller from one who makes accidental errors that tarnish its repu-

tation.

7. Related Work

The work presented here was initially inspired by the work of Feldman et al. In [6], they used the Evolutionary
Prisoner’s Dilemma to model peer interactions in a large population. They developed a reciprocative strategy that
employs subjective shared history and adaptive stranger policies to discourage selfish behavior and whitewashing.
While this previous work relies primarily on simulations to evaluate the effectiveness of their design we apply
mathematical analysis to derive agent strategies and overall system behavior.

Much work has applied game theory to the problem of selfish agents (e.g. [1, 7, 20]). [1] predicts a socially
beneficial Nash equilibrium given some incentive scheme, while [7] concentrates on minimizing whitewashing.
However, most of this research uses one-shot games to model behavior and do not address peer history or reputa-
tion.

In both [2] and [12], user groups participated in economic games in order to experimentally compare the market
efficiency from varying amounts of transaction history. Their results are similar to our analytic results, indicating
that the more information available about an agent, the more likely they will cooperate.

Economists have applied game theory to market analysis and reputation for decades [14, 18, 8]. Most of this

work has focused on firms competing for market share. However, the explosion in online trade among countless
2



small transient agents demands a reevaluation of the subject. In addition, to the best of our knowledge no previous

work studies optimal segregated transaction schedules.

8. Future Directions

The work presented here assumed all buyers had an equal constant valuation that was public. One extension
will be to allow buyers to have different, private bundle valuations. This would only affect seller strategies that
rely on knowing v in order to choose the proper course of action.

Much of the analysis of this simplified model indicated equilibrium in some scenarios is reached when sellers
only cooperate. Introducing an unavoidable error rate that results in occasional defections regardless of the seller’s
intention, may require buyers and sellers to devise more interesting strategies. What is sellers could gain a cost
reduction on all bundles by accepting a higher error rate? This would mimic retailers choosing to stock cheaper
items from lower quality manufacturers.

A necessary step will be to forego our assumption of perfect history and explore the use of uncertain history
provided by imperfect reputation systems. One solution would be to assign a probability that any given transaction

is incorrectly reported or simply omitted from a seller’s recorded history.
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10. Conclusion

This paper presents our initial study of buyer/seller strategies, focusing primarily on how knowledge of past
transaction history affects both buyer and seller strategy. We proposed a simple game model for transactions with
cooperating and defecting buyers and sellers in a rich spectrum of scenarios. Beginning with basic strategies for
all players, we incrementally improved them until an equilibrium was reached.

We concentrated on the two scenarios we believe to be the most natural, buyers competing in an auction (MB-
1S/VP) and many sellers competing for buyers in a fixed-price commodities market (1B-MS/FP). It is interesting
to note that at equilibrium players are encouraged to cooperate, realizing the social optimum. In other words, it

does not pay to cheat when reputation is involved.
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Appendix A. Proof Of Long-Term Reputation Damage

Set the two utility equations (Eq. 6 and Eq. 7) equal to each other and solve for k.

(32) Un+1+k)=Usn+1+k)

U + (v - c)+§k:(vF(n+1)(n L ntig e)

n prt n-+1
> ! () (1 +4)
m F—n n+t )
k n+1) 1
/Qﬁ—i_/z/_C Z n—?—j2+
(34) =

k k
F—(n+1) i 1
35 —
(35) c+ 4 v — +i§ v

1
LI
(36) T P ——

1:1n+z
n—+k n
1 1 c
37 E P f—
37) — ) ) )

(38)

Now we have two finite harmonic sums. To simplify the summations, we apply the formula for finite harmonic

sum [13].

1 1 1 1
Hpy=Y Z=In(n)+7v+ - — =5+ =7 —
(39) =i 2n  12n 120n
here 0 —
where 0 < € < TG
Where  is the Euler-Mascheroni constant.
(40) Let ¢(n) !
n)=—
2n

(41) Clearly, In(n)+~y < H, <In(n)+~v+¢€(n)
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Next substitute the appropriate upper or lower bound for H,, for each summation in Eq. 38 so as to get an upper

and lower bound k.

42 (In(n+k)+7) — (n(n) +7+€(n) < % < (In(n+k)+7+€n+k) — (In(n) +7)
43) mmﬁ%ﬂ+7—mvw—7—évw<%<dﬂn+k%+dn+k%f%—h@)—7
(44) ln<n2k> —e'(n)<%<ln<n:k>+e/(n+k)

(45)

Notice that ¢/ (n + k) < €/(n) Vk > 0. We can replace € (n + k) with €'(n) without invalidating the inequality.

n+k y c n+k ,
(46) ln( - )—e(n)<;<ln( " )—i—e(n)
7 ntk o) oo o PR o)
n n
(48) (n+k)e €™ < ne’” < (n+ k)e’ ™
(49)

Solving each inequality separately, we have

(50) (n—+k)e <) < nelv ne’ < (n+ ke ™
(51) n —|— k‘ < nec/veel(n) n + k > neC/’Ue—el(n)
(52) k < n(ec/veﬁl(n) _ 1) k> n(ec/vefe’(n) _ 1)

Notice that e=¢ (") < 1 and e (™) > 1. Therefore, we will approximate k to be
(53) ko~ n(eV —1)
A.l. Error Bounds
What is the error range for £? Subtracting the lower bound from the upper bound we have

(54) n(ec/vefl(") _ 1) _ n(ec/vefe’(n) o 1) — 6c/vn(ee’(n) . efe’(n))
26



(55) Consider, lim n(e“™ — e () = lim n(eﬁ - e‘ﬁ)

n—oo n—oo
1 r _ ,—T
(56) Substituting = = — gives lim -
2n x—0 2x
xr __ ,—x
(57) lim & — ¢ -1
x—0 2x

As n — oo the error range decreases and converges to e“/?, a constant with respect to n. Therefore, the largest
error is when n is as small as possible. Originally, we stated that we are not concerned with the situation that the
seller is new to the system, but has instead generated a history of several transactions. Therefore, we assume n is
not small and definitely not 0. For example, using n. = 5 in Eq. 54, the error range will be 1.002¢¢/".

By definition ¢ < v, therefore e/ < e. In our running example of ¢ = $1 and v = $3, then ¢'/3 = 1.4. Here,
the error range is less than 1.5. Because we are interested in &k as an integer, the approximate value from Eq. 53
cannot be off by more than 1. Even in the worst case, where n = 1 and eV = e, the error range is less than 3,
therefore the approximate value of k£ cannot be off by more than 2. For the range of n we are interested in, the

approximation of k£ may be acceptable.
A.2. Improved Approximation

In the previous section we bounded the error to a range of size e®/?, constant with respect to n. However, it is

possible to do better by using a tighter bound on the harmonic number [10, 24].

1
24(n +1)2

1

58
(58) 24n?

1
<Hn—ln(n—i—§)—’y<

Using this equation we now have tighter bounds for the error. To make easier use of the bounds

1
(59) Let 6”(7’1) = m
1
(60) ()<e”(n+1)<Hn—ln(n+§)—fy<e”(n)

Substituting into Eq. 38 we have

1 1 1 1
(61) ln(n+k‘—|—§)+7—(ln(n+ §)+7+e"(n)) < % <ln(n+k+§)+7+e"(n+k)—(ln(n+ §)+7)
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Clearly, €’ (n + k) < €’ (n).

1 1 1 1
(62) In(n +k + 5) —In(n + 5) —é'(n) < €< In(n + k + 5) + €’ (n) —In(n + 5)
v
E+1 c E+ 3L
(63) Rkt e ot MY 3 )
n+ b n -+ 2
1 —e”(n) 1 c 1 e”(n)
(64) (n+/~c+§)e <(n+§)ev <(n+k—|—§)e

Solving each inequality separately, we have

(65) (n+k+ %)676”(") <(n+ %)ec/” (n+ %)ec/” <(n+k+ %)66//(”)
1 1 c/v €’ (n) 1 1 /v —e"(n)

(66) n+k+§<(n+§)e e n+k+§>(n—|—§)e e

(67) k< (n+ %)(ec/ v’ ™M 1) k>(n+ %)(ec/”e—€’/<"> —1)

A better approximation for k than Eq. 53 is
1 c/v
(68) k=~ (n+ 5)(6 -1)
The error range now is

(69) (n n %)(66/U66N(n) _ 1) _ (n + %)(ec/ve_gu(n) _ 1) _ ec/v(n + 5)(66N(n) _ e_exx(n))

While our previous approximation gave constant bounds on the error range as n grew. This approximation can

be shown to converge to a single value as n grows.

1 " 1" 1 —
(70) Consider, lim (n+ =)(e ™ — e~ (") = lim (n+ =)(e B — e 241n?)
n—o0 2 n—o0 2
71 Substitute . = ——
(71) ubstitute x 512
r _ ,—x r _ —x
(72) imS ¢ ST _g_0=0
z—0 241 2

The second term goes to 0, and, using L’Hopital’s rule, the first term also goes to 0. So for sufficiently large n,
the error range converges to 0.

What happens for small n? With our previous approximation, the error range for n = 1 was approximately
1.04e¢/?, which had an upper bound of approximately 2.8, when ¢ = v. With the improved approximation the
error range at n = 1 is less than 0.13e</?, which in the worst case, is less than 0.34. Calculating & to the nearest

integer will be correct with very high probabilty.
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Appendix B. Proof of Unique Global Maximum for Segregated Schedule Utility

From Equation 15 we have the following equation for the utility of a segregated schedule of length Z with x

cooperations followed by Z — x defections. We may express the total utility of such a schedule as
Z-1
(73) Useg(Z,2) =U = (v — ¢)z + Z o=
To prove there can only be one unique value of « that maximizes U,y (Z, ) for a given Z, we will take the second

derivative with respect to z and show that it only takes on negative values for 0 < z < Z.

We begin by simplifying Eq. 73.

(74) U:(v—c)x—i—zl}%
(75) (v—cw—i—vx(

We now have the difference of two finite harmonic sums. A finite harmonic sum can be expressed analytically

as
(76) Hy, =7y +4o(n+1)

where ~ is the Euler-Mascheroni constant and ¢o(n + 1) is the digamma function [24]. Substituting in for the

series gives us

a7 U= (v—cz+vz(y+¢o(Z) — (v + vo(2)))

Next, we simplify and take two derivatives. The derivative of 1y (z) is 11 (z) and similarly the derivative of 11 (2)

is 12(2), where 11 (z) and 12(z) are polygamma functions [25].

(78) U= (v—c)z+vx(y+vo(Z) - — Yo(x))
(79) = (v =)z +va(Yo(Z) — Yo(x))
(80) = (v =)z + vo(2)z — varpo(z)
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dUu

(81) e (v—c)+vYo(Z) — vipo(x) — vapr ()
d2U

(82) Tz = (@) — v (a) - vaye(z)

(83) = —v(2¢1(z) + 292 (2))

(84)

A polygamma function v,,(z) can be written as follows [25]:

= 1
(85) Ynlz) = ("D o

k=0
Applying Eq. 85 to Eq. 84 and simplifying:

2
% = —v(21(2) + zha(x))

> 1 > 1
. - HE <w+k>2) ”(‘i:o <w+k>3)]
> x+k T
(88) - _2vkzzo<(m+k)3 B (m+k)3>

— k
* & ()

(86)

Notice that for any valid value of =, 0 < x < Z, the summation is purely positive. Therefore, the second

derivative of Usey(Z, ) must be negative in that same range.

Appendix C. Estimating Optimal Schedule for Fixed Number of Transactions

From Equation 9 we know that, given a number of completed transactions n and a cost/valuation ratio ¢/v, we
can calculate how many additional transactions & are needed so that the utility from cooperating or defecting on
the n + 1 turn is equal. Consequently, a seller benefits more from defecting if she participates in less than £k addi-
tional transactions, and benefits more from cooperating if she participates in more than & additional transactions.
Therefore, for a given number of total transactions Z, we can determine how many cooperations are optimal by

computing n and k + 1 respectively from Z = n + 1 + k, substituting in Equation 9 for k, then solving for n.
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(90) Z=n+1+k

O Z=n+ 14+ ) - 1)
1 1
92) Z:,n’+1+nec/”—%+§ec/”—§
1 1
3 = R _C/v_f
(93) n= (2 2)6 5

We now have the optimal number of cooperations in terms of Z, the total number of transactions, nc(Z). Now

subtracting the value of n in Eq. 93 from Z gives us the optimal number of defections in terms of Z, np(Z).

1 1
(94) np(Z)=2—-((Z - i)e—c/v — §)
1 1
g (g 2ye—clv 2
(95) =Z—(Z—-35)e " +3
1.1 1 1
(Z V4D (g lye—clv 2
(96) =(Z-5)+5-(Z=5e " +3
(97) = (Z - %)(1 —e M) 41

The previous equations allow for real numbered values. Because we are interested in integer values we must
apply proper integer conversions. For a fixed number of transactions 7, the utility optimal number of cooperations

and defections, respectively, are

(98) ne(2) = [(2 - eelv ]
99) no(2) = (2~ ) —e) +1]
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