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Abstract

Many schemes have been proposed for representing un-
certain data, where an uncertain database is defined as a
set ofpossible instances for the database. Some impor-
tant properties of representation schemes, such ascom-
pleteness andclosure, have already been considered. In
this paper we identify several other interesting proper-
ties and obtain results for them with respect to a vari-
ety of different representation schemes. We first consider
the uniqueness of representations, i.e., whether there is
at most one representation for a set of possible instances
in a particular representation scheme. For schemes that
do not guarantee unique representations, we provide al-
gorithms and complexity results for testingequivalence
of representations. We also consider the problem ofmin-
imizing the size of the representation for a set of pos-
sible instances, obtaining a strong result for representa-
tion schemes comprised of tuples and constraints: min-
imizing the number of tuples also minimizes the size of
constraints. We show the NP-hardness of minimizing a
representation and study the more restricted problem of
maintaining minimality when performing operations on
the data. We present several results on the problem ofap-
proximating an uncertain database when we wish to use
a simple (incomplete) representation scheme. Finally, we
give an interesting result relating closure and complete-
ness for uncertain databases.

1 Introduction

The field ofuncertain databases is experiencing revived
interest, e.g., [10, 17, 18, 19, 20, 48], with new per-
spectives revealing a number of interesting open prob-
lems. In general, a relation in an uncertain database rep-
resents a set ofpossible instances (sometimes calledpos-
sible worlds) for the relation. Numerous representation
schemes have been proposed to model such uncertain re-
lations, e.g., [1, 2, 7, 20, 25, 26, 29, 30, 32, 36]. In this
paper we identify and study several properties of repre-
sentation schemes for uncertainty that have not been stud-
ied before. SupposeS is a representation scheme. The
properties we study are:
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• Uniqueness: Is there a unique representation inS
for every representable set of possible instances?

• Equivalence: If not, how do we determine when two
uncertain relations inS represent the same set of re-
lation instances?

• Minimization: When we may have many equivalent
representations, how do we define and find a “mini-
mal” one?

• Approximation: When a schemeS is not expres-
sive enough to represent a set of possible instances,
how best can we “approximate” the instances using
a representation inS?

We will elaborate on these problems momentarily. First
we briefly introduce some constructs that are used in the
representation schemes we study.

Constructs for Uncertainty

An uncertain relationR is comprised of a set ofuncertain
tuples, or u-tuples for short. We consider two different
constructs for u-tuples:

• attribute-ors: An attribute-or in a u-tuple specifies a
set of alternative values for an attribute. For example:

{Thomas,Tom} Poplar Ave.

contains an attribute-or in its first field and represents
one of two possible tuples:(Thomas, Poplar
Ave.) or (Tom, Poplar Ave.).

• tuple-ors: A tuple-or in a u-tuple specifies a set of
possible tuples.1 For example, the uncertainty in the
previous example can also be represented by:

(Thomas, Poplar Ave.)|| (Tom, Poplar Ave.)

Note that tuple-ors are strictly more expressive than
attribute-ors: A u-tuple with multiple attribute-ors repre-
sents all possible combinations of attribute values, while
a tuple-or can specify all combinations or only specific
ones.

1Note: u-tuples with tuple-ors are equivalent to thex-tuples in [9].
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In addition to attribute-ors and tuple-ors, we consider
‘?’ annotations that denote the possible absence of a u-
tuple, and more generalconstraints that relate the exis-
tence of u-tuples to other u-tuples. We assume the ordi-
nary relations in possible instances may have duplicates,
but we primarily assume no duplicate u-tuples in repre-
sentations. We do present some interesting differences
that arise in the presence of duplicate u-tuples.

Uniqueness and Equivalence

We will define a few representation schemes that are
used throughout the paper, by combining the constructs
above. We first analyze whether the different schemes
guarantee unique representations for sets of relation in-
stances. Hereafter we use the termsunique and non-
unique representation schemes to distinguish the classes.
Previous representation schemes for uncertain databases,
e.g., [2, 26, 29, 32, 36], are generally very expressive and
easily seen to be non-unique. The problem of uniqueness
becomes significantly more interesting when we consider
simpler representation schemes, which are relevant from
a usability perspective [20].

For the non-unique schemes, we next address the prob-
lem of whether two uncertain relations represent the same
set of instances. We analyze the time complexity of
equivalence testing and give algorithms for the polyno-
mial cases.

Minimization and Approximation

Since non-unique schemes may have many equivalent
representations, we are interested in defining and identify-
ing minimal representations for sets of possible instances.
The non-unique schemes that we consider have u-tuples
(of both types) and constraints. An important result we
show is that minimizing the number of u-tuples in a rep-
resentation also minimizes the size of the minimal con-
straint. This result simplifies the minimization problem,
but minimizing arbitrary uncertain relations is NP-hard.
We then study the problem of preserving minimality in-
crementally when performing operations on minimal rep-
resentations.

The next problem we address is that of approximating
an uncertain relation when we wish to use a simple repre-
sentation scheme that cannot represent all sets of possible
instances (i.e., that isincomplete). We first give an algo-
rithm to determine whether a set of possible instances can
be represented accurately in some of the simpler schemes
we consider. If not, then approximation is required. We
show that there are “bad cases” of sets of possible in-
stances for which there is no constant-factor approxima-
tion (under the Jaccard similarity measure) in the simpler
schemes we consider. We also define a “best” approxi-
mation, show that finding it is NP-hard, and give a poly-
nomial time algorithm to find an approximate to the best
approximation.

Closure and Completeness

A representation scheme iscomplete if it can represent
all finite sets of possible instances. It isclosed under an
operationOp if it can represent the result of performing
Op over any representation. Closure is weaker than com-
pleteness, and closure may be sufficient for some appli-
cations since they may control the initial data and which
operations are performed over it. We show a new result
connecting closure and completeness: Any representation
scheme that can represent a certain minimal form of un-
certainty (defined later) and that is closed under a small
subset of relational operations (also defined later) is also
complete.

Summary and Outline

The main results of the paper proceed as follows.

• In Section 3 we analyze uniqueness for a set of rep-
resentation schemes and provide complexity results
and algorithms for equivalence testing in the non-
unique schemes.

• In Section 4 we show the useful result that in our
non-unique schemes, minimizing the number of u-
tuples minimizes the size of the minimal constraint.
Though the general problem of minimization is NP-
hard, we show how to preserve minimality incremen-
tally when performing certain operations.

• In Section 5 we present several results on the ap-
proximation of uncertainty, such as an algorithm
for determining exact representability in a particular
scheme, hardness of finding a “best” approximation,
and an algorithm for approximating the best approx-
imation.

• In Section 6 we present a new result that connects
closure of any representation scheme to complete-
ness.

Some preliminaries are given in Section 2, related work is
presented in Section 7, and we conclude with future work
in Section 8. Due to space constraints, all theorems in the
paper body are followed by proof sketches; full proofs can
be found in the appendix.

2 Preliminaries

Definition 2.1 (Uncertain Relation). An uncertain re-
lation R defines a set ofpossible instances, I(R) =
{I1, I2, . . . , In}, where eachIj is a relation instance in
the conventional sense. �

Operations on uncertain relations are defined based on
their possible instances:
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Definition 2.2 (Operations). Consider uncertain relations
R1, R2, . . . , Rn, and ann-ary relational operatorOp. The
result ofOp (R1, R2, . . . , Rn) is an uncertain relationR
such thatI(R) = {I | I = Op (I1, I2, . . . , In), I1 ∈
I(R1), . . . , In ∈ I(Rn)}. �

A representation scheme provides a way to represent un-
certain relations, i.e., sets of possible instances, and we
will see examples of representation schemes shortly. Two
important properties of representation schemes are com-
pleteness and closure:

Definition 2.3 (Completeness). A representation scheme
S is said to becomplete if any finite set of possible in-
stances can be represented inS. �

Definition 2.4 (Closure). A representation schemeS is
said to beclosed under an operationOp if performingOp
on uncertain relations inS always results in a set of pos-
sible instances that can be represented inS. �

We now define a set of four representation schemes,
Sprop, Sattr, Stuple, andS2, that we study in this pa-
per. Sprop is complete, whileSattr, Stuple, andS2 are
incomplete. While many other schemes can be assembled
out of the constructs that we consider (attribute-ors, tuple-
ors, ?’s, and constraints; recall Section 1), we chose these
four as a representative sample of the space of construct
combinations, and because they serve to delineate differ-
ent results for the problems we consider. Other complete
schemes, such as the well-knownc-tables [32], are sim-
ilar to Sprop with respect to the problems considered in
this paper.

2.1 Sprop

Our first representation scheme,Sprop, consists of u-
tuples and constraints. The u-tuples inSprop contain
attribute-ors (recall Section 1; see also [22, 33, 38]) al-
lowing a finite set of alternative values to be specified
for individual attributes. Theexistential constraints in
Sprop (considered earlier in the context of relations with
nulls [16]) enable us to specify uncertainty about whether
a u-tuple exists in a relation, or how its existence depends
on the existence of other u-tuples. A relation inSprop is
represented formally by:

1. a multiset of u-tuples,T = t1, . . . , tn
2. a boolean formulaf(T )

The nameSprop is derived from the propositional formula
comprisingf(T ).

Definition 2.5 (Instances inSprop). The possible in-
stancesI(R) of anSprop relationR = (T, f) is a set of
relations corresponding to all satisfying assignments for
f(T ) and all possible choices of attribute-ors. Letσ be a
satisfying assignment forf(T ). Then an instance inI(R)
is obtained by taking the set of u-tuples set totrue in σ and
picking one attribute value for each attribute-or in these u-
tuples. �

For example, consider thisSprop relation:

t1
t2

Name Address
{Thomas, Tom} Poplar Ave.

Alice {Maine St., Main St.}

f(T ) = t1 ∧ t2

Tuple t1’s Name is eitherThomas or Tom, and tuplet2
indicates thatAlice lives on eitherMaine or Main St.
The constraintf indicates that botht1 and t2 must be
present. The possible instances of this relation are thus:

Name Address
Thomas Poplar Ave.
Alice Maine St.

Name Address
Thomas Poplar Ave.
Alice Main St.

Name Address
Tom Poplar Ave.
Alice Maine St.

Name Address
Tom Poplar Ave.
Alice Main St.

2.2 Sattr

Like Sprop, Sattr uses attribute-ors in its u-tuples, but it
does not allow the specification of arbitrary constraints
over the u-tuples. Instead, it allows us to specify uncer-
tainty about whether a u-tuple is present: A ‘?’ on a u-
tuple denotes possible absence of the tuple. The possible
instances of anSattr relation correspond to all combina-
tions of attribute values as inSprop. However, in place
of considering all satisfying assignments as inSprop, we
consider all combinations of absences of tuples labeled
‘?’.

Consider the example in the previous section. Suppose
that instead of the formulaf , tuplet1 is labeled with a ‘?’
and tuplet2 has no label. Then the possible instances of
thisSattr relation are:

Name Address
Thomas Poplar Ave.
Alice Maine St.

Name Address
Thomas Poplar Ave.
Alice Main St.

Name Address
Tom Poplar Ave.
Alice Maine St.

Name Address
Tom Poplar Ave.
Alice Main St.

Name Address
Alice Maine St.

Name Address
Alice Main St.

Notice that we can represent this same set of instances in
Sprop by simply changing the constraint tof(T ) = t2.

2.3 Stuple

The next scheme we consider uses ‘?’ labels as inSattr

but uses tuple-ors instead of attribute-ors (thus the names
Stuple versusSattr). The possible instances of anStuple

relation are obtained by choosing at most one tuple alter-
nate from each u-tuple labeled with a ‘?’ and exactly one
alternate from each unlabeled u-tuple. Consider the fol-
lowing Stuple relation:

3



t1
t2

Name, Address
(Thomas, Poplar Ave.)|| (Tom, Poplar Ave.)

(Alice, Maine St.)|| (Alice, Main St.)
?

This uncertain relation generates the same six instances
as the example forSattr. As in this example,Sattr can
often yield more compact representations thanStuple, but
Stuple is more expressive. We will later highlight some
interesting results and differences for the two.

2.4 S2

S2 differs from the other schemes in that it uses ordinary
tuples instead of u-tuples. LikeSprop it includes a boolean
formulaf over the tuples, however the formula must be in
2-CNF form (hence the nameS2). As in Definition 2.5 for
Sprop, possible instances are determined by considering
all satisfying assignments off and collecting all tuples
set totrue in the assignment. For example, consider the
S2 relation:

t1
t2

Name Address
Alice Main St.
Alice Maine St.
f(T ) = t1 ⊕ t2

where⊕ denotes an exclusive-or. This relation has two
possible instances:

Name Address
Alice Main St.

Name Address
Alice Maine St.

S2 is an interesting scheme to study for several rea-
sons. S2 is closed under union, selection, and projec-
tion, and sometimes allows for better approximations than
Sattr or Stuple. The primary reason is thatS2 can en-
code tuple dependencies, whereas u-tuples inSattr or
Stuple are independent of each other. Furthermore,S2 has
tractable 2-CNF constraints as opposed to arbitrary con-
straints inSprop, making certain problems such as mem-
bership questions easier to answer.

3 Uniqueness and Equivalence

A natural question that arises in the context of our rep-
resentation schemes is whether sets of possible instances
have unique representations in the different schemes. We
show in this section that whileSattr andStuple do guar-
antee unique representations,Sprop andS2 do not.

Theorem 3.1. Every set of possible instances repre-
sentable inStuple or Sattr has a unique representation.

Proof Sketch: Recall that full proofs for all theorems in
this paper are given in the online technical report [21].
This result is first shown forStuple. Given any two dis-
tinct relationsR1 andR2 in Stuple, we explicitly construct
an instance of one of the relations that is not an instance
of the other. Thus any two relations inStuple that repre-
sent the same set of instances must be identical. We then

show that distinctSattr relations map to distinctStuple

relations, thus proving the uniqueness ofSattr in turn. �

Theorem 3.2. There exist sets of possible instances rep-
resentable inS2 or Sprop that do not have unique repre-
sentations.

Proof Sketch: For both representation schemes, we ana-
lyze the two possible sources of non-uniqueness: differ-
ences in tuple sets of relations that represent the same set
of instances, and differences in constraints. In particular,
we consider the following two questions:

Q1: Can two relations under a representation scheme
have different sets of u-tuples but the same set of in-
stances?

Q2: Consider two relations under a representation
scheme having the same sets of u-tuples. Can these
relations have non-equivalent constraints over the u-
tuples, yet the same set of instances?

We show forS2 that the answer to Q1 is “yes” and to
Q2 is “no”. ForSprop the answer to both the questions
is “yes”. Hence neither scheme guarantees unique
representations. �

We also consider variations on Theorem 3.2 such as al-
lowing duplicate u-tuples in the representation, and a re-
stricted form ofS2 allowing only mutual-exclusion (⊕)
and mutual-inclusion (≡). We present results for all of
these cases with respect to questions Q1 and Q2 in the
technical report.

3.1 Equivalence Testing

The results in Section 3 showing non-uniqueness of
Sprop and S2 lead next to the problem of testing, in
these schemes, whether two relations are equivalent, i.e.,
whether they represent the same possible instances. (Sattr

andStuple are unique so we need not consider the problem
of equivalence testing for them.)

Theorem 3.3. The equivalence of two relations inS2 can
be tested in polynomial time, while testing for equivalence
in Sprop is NP-hard.

Proof Sketch: The hardness of equivalence testing in
Sprop follows directly from the hardness of SAT. For
equivalence testing inS2, we present a polynomial time
algorithm. Given twoS2 relationsR1 = (T1, f1) and
R2 = (T2, f2):

1. ConstructT ′
i from Ti by eliminating allt ∈ Ti such

that settingt to true makesfi unsatisfiable.

2. Constructf ′
i fromfi by setting all variables inTi−T ′

i

to false.

3. If T ′
1
6= T ′

2
returnR1 6≡ R2.
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4. If f ′
1
6≡ f ′

2
returnR1 6≡ R2.

5. ReturnR1 ≡ R2.

The algorithm works by first eliminating tuples that are
not present in any of the possible instances of the uncer-
tain relations and modifying the formulas accordingly. We
are thus left with minimal tuple sets for both relations. If
the tuple sets are not the same at the end of this process
then there is some tuple that is present in some instance of
one relation that is not present in any instance of the other
relation. If the formulas are not equivalent, then we use
the Q2 “no” answer forS2 from the proof sketch of The-
orem 3.2: two duplicate-freeS2 relations with the same
tuple sets but non-equivalent formulas cannot represent
the same set of instances. �

We show in the technical report that if duplicate tuples are
allowed in the representation, equivalence testing inS2

also becomes NP-hard.

4 Minimization of Sprop

As seen in Section 3,Sprop and S2 do not guarantee
unique representations for sets of possible instances. In
this section we present results forSprop only, since all of
them apply toS2 as well. Two equivalentSprop repre-
sentations may in fact have arbitrarily different sizes. As
an extremely simple example, consider the empty set of
possible instances. This scenario could be represented in
Sprop by a large unsatisfiable formula over many tuples,
or by an empty set of tuples and an empty formula. In
this section we study theminimization of Sprop relations.
Recall that anSprop relation consists of u-tuplesT and a
boolean formulaf(T ). We define minimal in terms of the
sum of the sizes ofT andf .

Example 4.1. Consider the possible instances:

Name Address
Alice Maine St.

Name Address
Alice Main St.

OneSprop representation is to encode the mutual exclu-
sion using a constraint:

t1
t2

Name Address
Alice Main St.
Alice Maine St.

f(T ) = (t1 ⊕ t2)

However, the minimal representation is to have one u-
tuple with an attribute-or, and no constraint (i.e.,f =
true):

t1

Name Address
Alice {Main St., Maine St.}

�

Let (T, f) denoteSprop relations,|T | denote the number
of u-tuples, and letsize(f) denote the size of the formula
measured as the number of clauses in the minimal CNF
form. (Our results also hold ifsize(f) denotes the num-
ber of literals.) Also, we writeR1 ≡ R2 if R1 andR2

represent the same set of instances.

Definition 4.2 (Minimal Sprop). An Sprop relationR =
(T, f) is minimal if there does not exist anotherSprop re-
lationR′ = (T ′, f ′) with R ≡ R′ and(|T ′|+size(f ′)) <
(|T | + size(f)).

In terms off , there exist practical techniques for mini-
mization of propositional formulas (e.g., [34, 44, 40]),
but in the worst case minimizing arbitrary formulas is NP-
hard [28]. Moreover, we need to simultaneously minimize
the sum of sizes ofT andf : minimizing f for a givenT
need not give a minimalSprop representation.

At first glance it may seem that finding the smallest rep-
resentation requires a search over all possible sizes ofT
andf , and not just a search for the minimal|T | or mini-
mal size(f). However, we will give an interesting result
showing that for anySprop relation, by minimizing|T |,
we also minimizesize(f). This result holds for any rep-
resentation scheme with a restricted set of propositional
constraints, for exampleS2. We subsequently show how
this result may be used to maintain minimality while per-
forming certain operations inSprop.

4.1 Tuple-Minimality versus
Constraint-Minimality

Theorem 4.3(Tuple vs. Constraint Minimality). Given
Sprop relationsR1 = (T1, f1) and R2 = (T2, f2), if
R1 ≡ R2 and |T1| > |T2|, then there exists an equiv-
alent Sprop relation R = (T, f) with |T | < |T1| and
size(f) ≤ size(f1). In other words, minimizing the
number of u-tuples minimizes the size of the minimal con-
straint. �

Proof Sketch: The proof of this theorem is constructive:
given R1 and R2, we give an algorithm to constructR
satisfying the theorem. We useR1 andR2 to construct
an independent set of u-tuplesT , where|T | < |T1|. We
then show that there is an equivalent representationR
with u-tuplesT , and that there is a translation fromR1

to R involving a series of atomic operations that we call
“splits” and “combines”. We give bounds on the number
of clauses these operations add or remove fromf1 based
on the u-tuples that are split or combined. We also give
the number of combines and splits required to translate
from R1 to R, and use a counting argument to show
size(f) ≤ size(f1). �

The theorem implies that ifR has a minimal set of
tuplesT it also has minimalf , but it does not imply that
if R1 has fewer tuples thanR2, then f1 can be made
smaller thanf2. The following counterexample refutes
the possibility that fewer tuples always implies fewer
constraints:
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Example 4.4. We illustrateSprop relationsR1 ≡ R2 with
|T1| < |T2| and in the minimal formsize(f1) > size(f2).
Let T1, T2, f1, andf2 be:

t1
t2
t3
t4
l1
...

lm

T1

{a,b}
{c,d}

p
q

...

t1
t2
t3
t4
t5
l1
...

lm

T2

a
b
c
d

{p,q}

...

f1 = t1 ∧ t2 ∧ (¬t3 ∨ ¬t4) ∧ (t3 ⇒ li) ∧ (t4 ⇒ li), for all i
f2 = (t1 ⊕ t2) ∧ (t3 ⊕ t4) ∧ (t5 ⇒ li), for all i

l1, . . . , lm can be any set of distinct tuples. The con-
straints state that the presence of eitherp or q implies
the presence of all ofl1, . . . , lm, in addition to other con-
straints on thet tuples. Choosing a sufficiently large
m, we get size(f1) > size(f2), and R1 ≡ R2 but
|T1| < |T2|. �

Our nice result coupling minimality of tuples and con-
straints unfortunately does not hold when we allow du-
plicate u-tuples.

Lemma 4.5. Theorem 4.3 does not hold forSprop rela-
tions with duplicates in the representation.

Full Proof: ConsiderSprop relation R where T =
{t1:(a),t2:(b), t3:(c), t4:(x), t5:(y), t6:(z)} andf = (t1 ⇒
t4)∧(t2 ⇒ t5)∧(t3 ⇒ t6)∧(¬t4∨¬t5∨¬t6). Intuitively,
the presence of one (or two)a tuples in an instance implies
the presence of at least one (or two respectively)x, y, or
z tuples. Since there is a constraint that not all three ofx,
y, andz can appear in the same instance, no instance can
have threea’s. Therefore, there is an equivalentSprop re-
lationR′ with T ′ = {s1:(a),s2:(a),s3:(x), s4:(y), s5:(z)}
but f ′ requires more than 4 clauses. Therefore, we have
R ≡ R′, |T | > |T ′|, andsize(f) < size(f ′), yet there is
no otherSprop representation for the same set of instances
with the number of u-tuples and size of constraints being
smaller thanT andf respectively. �

4.2 Incremental Minimality

It can easily be shown that minimizing an arbitrarySprop

relation is NP-hard in general.2 However, we can still use
the result of Theorem 4.3 to our advantage: If we perform
an operation on minimalSprop relations, then minimizing
the number of u-tuples in the result also minimizes the

2The proof reduces an instance of the SAT problem to minimization
of anSprop relation, with variables of the SAT instance mapped to dis-
tinct tuples. The SAT instance is unsatisfiable iff the minimalSprop

relation has an empty set of tuples andf ≡ false.

size of constraints. Thus, if we start with minimal rela-
tions, we can maintain minimality by always minimizing
the number of u-tuples in the results of operations.

In general, even maintaining a minimal number of u-
tuples while performing operations is a hard problem, but
for certain operations we have efficient algorithms.

Theorem 4.6(Incremental Minimality ofSprop). Given
Sprop relations in minimal form, there exist polynomial
time algorithms to compute their union or cross-product
so that the resultingSprop relation is minimal with respect
to the number of tuples (and hence also constraints).�

We prove this theorem in the technical report, and also
show why the most natural algorithms for selection, pro-
jection, and natural join fail to maintain minimality. A
more detailed study of maintaining incremental minimal-
ity while performing operations is an interesting direction
for future work.

5 Approximate Representations

Now that we have addressed uniqueness, equivalence, and
minimality of representation schemes, let us consider ap-
proximation. Our primary motivation is that users may
wish to view a simpler representation thanSprop—one
that does not include full propositional formulas—and
furthermore they may not require a fully accurate repre-
sentation of the possible instances. (After all, we are op-
erating uncertainty to begin with!)

Example 5.1. Suppose we have three possible instances
of R:

Name Address
Thomas Poplar Ave.

Name Address
Alice Main St.

Name Address
Thomas Poplar Ave.
Alice Main St.

Suppose we would like to represent this uncertain relation
in Stuple. There is no exact representation ofR in Stuple,
but the following is a reasonable approximation: It has
all the instances ofR and also the empty relation as an
additional instance:

t1
t2

Name, Address
(Thomas, Poplar Ave.)

(Alice, Main St.)
?
?

�

In this section, we first explore approximations our using
constraint-free representation schemesSattr andStuple,
then we study approximation inS2.

5.1 Approximating in Sattr or Stuple

SinceSattr andStuple are incomplete, the first question to
ask is: Given a setP of possible instances for a relation,
how do we determine whetherP can be represented in
Sattr or Stuple? We first answer this question forStuple,
and then extend our result toSattr.
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Input: Set of Possible InstancesP
Output: Stuple representationR for P , if one exists.

1: Pad every instance inP with zero or more special tu-
ples “*” so the number of tuples in each instance is
equal to the maximum original instance cardinality.

2: Consider distinct tuples inP , in any order, say
t1, . . . , tm. Let the maximum multiplicity ofti in any
instance inP bemi.

3: Considert1. Add m1 tuple-ors toR, each containing
t1.

4: Look at the maximum numbern of instances oft1
that co-occur withm2 instances oft2, in some in-
stance ofP . If there is anStuple representation, then
there aren tuple-ors to whicht2 can be added. Addi-
tionally, createm2−n new tuple-ors to accommodate
the remainingt2’s.

5: Continuing, for eachti look at the maximum number
of instances oft1 throughti−1 that co-occur withmi

instances ofti in some instance ofP and determine
the pre-existing tuple-ors to whichti must be added,
as well as the new tuple-ors that must be created. If
no such addition ofti is possible, exit returning “no
Stuple representation.”

6: Remove “*” from all tuple-ors inR containing it, and
annotate these tuple-ors with ‘?’.

7: Check to see if the possible instances ofR exactly
match the inputP . If yes, returnR, otherwise return
“no representation”.

Algorithm 1: Stuple-REP Algorithm

Theorem 5.2. Algorithm 1, Stuple-REP, gives the basic
steps of a polynomial (in the size ofP ) algorithm that
returns an exact representation ofP in Stuple whenever
one exists. �

Proof Sketch: The algorithm looks at co-occurrences of
tuples in the possible instances and from them attempts to
construct anStuple relation. If at any point a tuple can-
not be added to theStuple relation being constructed, then
noStuple representation is possible and the algorithm ex-
its. If all tuples are added successfully, then the result is
anStuple representation ofP if it correctly represents the
possible worlds. If not, there is no representation. �

Theorem 5.3. Algorithm Stuple-REP for finding exact
Stuple representations can be modified (easily) to obtain
Sattr representations. �

Full Proof: If there is noStuple representation, there is
clearly noSattr representation either. If there is anStuple

representationR, we check if each u-tuple inR can be
represented using attribute-ors (instead of tuple-ors). If
we can convert all tuple-ors to attribute-ors, we have our
Sattr representation. If there are u-tuples inR that can-
not be converted to attribute-ors, there exists noSattr rep-
resentation. This result follows from the uniqueness of
Stuple: If there is anSattr representation not obtained
by conversion of sets inR to u-tuples comprised only of

attribute-ors, it can be mapped to a differentStuple repre-
sentationR′, violating uniqueness. �

Now that we have seen how to find exact representations
in Stuple, let us consider approximating a set of possible
instances inStuple when no exact representation exists.
Note that approximating inStuple is usually easier than
in Sattr, sinceStuple is more expressive thanSattr. In
the remainder of this subsection we consider only approx-
imation inStuple; extension of the results toSattr is left
as future work.

Consider a set of instancesP and anStuple relationR
with instancesI(R). We would likeI(R) to be as “close”
to P as possible, for some notion of closeness between
sets of possible instances. First we state a result showing
that it is not always possible to find good approximations.

Lemma 5.4. There exists anSprop relationR for which
there is no constant factorStuple-approximationR′ un-
der the Jaccard measure of similarity betweenI(R) and
I(R′). �

Example 5.5.We give the intuition behind this result with
an example set of possible instances that have no con-
stant factor approximation inStuple. Considern instances
{P1, P2, . . . , Pn} for a relation with two attributes. Let
theith instance have two tuples:t1i :(i, 1) andt2i :(i, 2).

This set of instances does not admit any constant fac-
tor approximationR in Stuple: If I(R) contains alln of
the possible instances, thenR would need to haveO(n2)
instances in total. �

Though we see that there are cases when no good ap-
proximations exist, we would still like to do as well as
possible. A “best” approximationR of P can be defined
in several ways:
• Maximal Subset: maximalR such thatI(R) ⊆ P

• Minimal Superset: minimalR such thatI(R) ⊇ P

• Closest Set: R such thatI(R) is as close toP as
possible (using a measure of closeness like Jaccard
similarity).

For this paper, we consider the minimal superset defini-
tion so as to preserve the possible instances. Results anal-
ogous to ours are likely to hold for other notions of best
approximation as well, and we plan to explore this topic
as future work. We use|R|, the number of u-tuples, as
our metric for minimality ofR. Further, we restrict our-
selves toR where for eacht, the number of u-tuples inR
containingt is equal to the maximum multiplicity oft in
any possible instance ofP . We impose this condition to
restrict the “width” (i.e., number of possibilities) in each
u-tuple ofR.3

Lemma 5.6. There always exists someR in Stuple such
thatI(R) ⊇ P .

3Without this condition, a trivial best approximation is obtained by
includingn u-tuples, each having all possible tuples inR, wheren is the
maximum cardinality of any instance inP .
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Full Proof: R is constructed by including inR a tuple-
or s for every tuplet appearing in some instance ofP ,
with multiplicity equal to the maximum number of times
it appears in any possible instance. Annotating each tuple-
or with ‘?’, we getI(R) ⊇ P . �

Of course the construction from this proof may give a very
poor approximation, withI(R) being much larger thanP .
We have the following result for finding better approxima-
tions:

Theorem 5.7(BestStuple Approximation forP ).

1. Finding the bestStuple approximation for an arbi-
trary set of possible instancesP is NP-hard.

2. There exists an algorithm, that givenP , constructs
a 5/7-differential approximation in polynomial time.
�

Proof Sketch: The proof of hardness is shown by a re-
duction from the NP-hard minimum graph coloring prob-
lem. We then show that there is an inverse reduction to
the graph coloring problem that can be 5/7-differentially
approximated. �

Approximating an Sprop Representation

Given an arbitrarySprop relation, the trivial approxima-
tion obtained by simply eliminating all constraints works,
but may not give a good solution. Finding the best
Stuple representation for an arbitrarySprop relation is in-
tractable, but we can use Theorem 5.7: A brute-force ap-
proach is to construct all possible instances from the rep-
resentation and then proceed as above. However, if we
are able to construct all pairwise conflicts among u-tuples
in the Sprop relation, then we can use the algorithm of
Theorem 5.7 without actually constructing the possible in-
stances.

The next section considers approximatingSprop in S2.
More algorithms for constructing approximations of one
representation scheme in another in general suggests an
interesting direction for future work.

5.2 Approximating in S2

We briefly look at the problem of approximatingSprop

relations in usingS2. as an approximate representation
for an uncertain relation. An arbitrarySprop relationR
can be approximated asS2 relationsR1 andR2 such that
I(R1) ⊆ I(R) andI(R2) ⊇ I(R), using techniques de-
veloped for theory approximation [35]. In general find-
ing best approximations for propositional theories into
tractable classes can be hard, but [35] gives algorithms for
finding lower and upper bounds on a general theory in an
online fashion. Their techniques are applicable for a class
of tractable theories, including 2-CNF. We use these al-
gorithms for approximation ofSprop representations. Ap-
plying the algorithms directly gives representations with

2-clauses over u-tuples. However, we can first translate
an Sprop relationS into an equivalentSprop relationS′

with ordinary tuples and constraints over them. We then
use the algorithms from [35] onS′ to progressively get
better approximationsR1 andR2 for S′ (and henceS).

6 Closure versus Completeness

Recall from Section 2 that a representation schemeS is
complete if it can represent all finite sets of possible in-
stances, and it is closed under an operationOp if it can
represent the result of performingOp on any relations rep-
resented inS.

Clearly, every complete representation schemeS is also
closed under all relational algebra operations, since ev-
ery operation generates a finite set of possible instances,
which by completeness can be represented inS. The con-
verse, however, is not true in general: for example,Stuple

andSattr are incomplete, yet they are closed under some
operations such as projection and cross-product. One can
certainly argue that closure is more important than com-
pleteness for real applications. We show an interesting
result that any schemeS that is expressive enough to rep-
resent a very basic form of uncertainty, and that is closed
under a small set of operations, can represent all finite
sets of possible instances of an uncertain relation, i.e.,S
is complete.

Theorem 6.1(Closure⇒ Completeness).
Consider a representation schemeS with the following
properties:

• Basic Uncertainty: S can represent all regular
(certain) databases, and also can represent a unary
uncertain relationR with two possible instances
P1:(1) andP2:(2).
• Minimal Closure: S is closed under one of the
following sets of operations: (a){Π, ⋊⋉}, or (b)
{σ,Π,×}.

ThenS is a complete representation scheme. �

Proof Sketch:We show that any set of possible instances
P can be constructed by applying the minimal sets of op-
erations on regular databases andR. We use the uncer-
tainty in P1 versusP2 to construct the number of possi-
ble instances inP , and then combine this uncertainty with
regular relations inS to obtainP . �

7 Related Work

The study of uncertain databases has a long history, dat-
ing back to a series of initial papers in the early 1980’s,
e.g., [8, 12, 32, 47], and a great deal of follow-on work,
e.g., [7, 18, 25, 32, 39, 36, 37, 41]. Much of this previous
work lays theoretical foundations and considers query an-
swering, e.g., [1, 2, 30, 47]. Systems based around uncer-
tain data are discussed in [10, 36, 48].
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The specific properties and problems addressed in most
of this previous work are centered around completeness,
closure, and membership questions. We are not aware of
any previous work that focuses on the problems we con-
sider in this paper: uniqueness, equivalence, minimiza-
tion, and approximation.

Like uncertain databases, the related area ofprobabilis-
tic databases has been experiencing revived interest, espe-
cially in query answering [17, 18, 19]. Work in probabilis-
tic databases also has not, to the best of our knowledge,
considered the problems we address in this paper. The
representation schemes we consider in this paper do not
include probability distributions; revisiting and extending
our results to the probabilistic case is an important direc-
tion of future work.

Another related area isinconsistent databases, e.g., [3,
5, 6, 11, 15, 23, 31, 49], in which the possible “minimal
repairs” [6, 13, 49] to an inconsistent database result in
a set of possible instances (i.e., an uncertain database).
Reasoning with uncertainty in the Artificial Intelligence
context is similarly related, e.g., [24, 43, 45]. Again, our
work in this paper focuses on specific problems associated
with representation schemes for uncertainty, and we have
not seen these problems addressed in the related areas.

Approximate query answering, and obtaining ranked
results to imprecisely defined queries, is also an active
area of research, e.g., [4, 27, 25, 46]. This body of work
should not be confused with ours: we look at modeling
uncertainty and querying it exactly, as opposed to model-
ing exact data and querying it approximately.

The problems addressed in this paper arose in the con-
text of theTrio project at Stanford, whose objective is to
develop a system that fully integrates data, uncertainty,
and lineage [48]. In an initial Trio paper on models
for uncertainty [20], we introduced numerous representa-
tion schemes and considered their completeness, closure,
and relative expressiveness. Although the approximation
problem was suggested in that paper, it was not solved,
and the other problems we consider here—uniqueness,
equivalence, and minimization—were not discussed at all.
In a separate paper, we consider several aspects of inte-
grating data lineage together with uncertainty [9], which
is the ultimate goal of the Trio project.

8 Conclusions and Future Work

This paper addressed a number of problems arising from
representation schemes for uncertain data. These prob-
lems have not been studied before to the best of our
knowledge. We introduced four different schemes by as-
sembling basic constructs for uncertainty. Using these
schemes, we explored uniqueness, equivalence, mini-
mization, and approximation, obtaining complexity re-
sults and providing algorithms for tractable cases. We also
gave a new result connecting closure and completeness for
a broad class of representation schemes.

The results in this paper suggest a number of areas for
future work:

• As mentioned in Section 7, the area of probabilistic
databases is of great interest. Uncertain databases
can be extended to include probabilities [7, 10, 14,
27, 36], so extending the definitions and results in
this paper poses a set of interesting open problems.

• We considered the problem of maintaining minimal-
ity incrementally for only certain schemes and op-
erations (Section 4). The problem remains open for
other operations and schemes, as well as for repre-
sentations with duplicates.

• Likewise, for the problem of approximating an un-
certain relation in a simple representation scheme,
we considered primarilyStuple (Section 5). We have
not yet considered approximations inSattr in any
detail, nor other simple representation schemes that
may be appealing to users [20].

• In this paper, we considered primarily the problem
of approximating a set of possible instances when a
representation scheme is not expressive enough. A
practical problem for future work is that of devel-
oping algorithms that directly convert uncertain rela-
tions in an expressive representation scheme (such as
Sprop) into approximations in weaker schemes.

• We concluded with an interesting result showing that
closure under a small set of operations implies com-
pleteness. An interesting open problem is to fully
characterize the gap between closure and complete-
ness, i.e., to come up with all minimal sets of opera-
tions for which closure implies completeness.
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A Uniqueness and Equivalence
Testing Proofs

A.1 Proof of Uniqueness ofSattr and Stuple

Proof. We consider each of the models separately.

Stuple: Consider two relationsR1 andR2 in Stuplewith
I(R1) = I(R2). Let {r1, . . . , rm} and{r′

1
, . . . , r′n} be

their tuple-ors. Note thatm = n. This is because, ifm
were less thann, there would be some instance inI(R2)
with n tuples, while the maximum number of tuples in
any instance ofI(R1) is m, leading to a contradiction.
Similarly, m cannot be greater thann.

We now need to show that∀i,∃j s.t. ri = r′j . Suppose
this is not true - then we can construct an instance,I, in
I(R1) that is not inI(R2), arriving at a contradiction. Let
T1 be the set of allri for which there is somer′j such
thatri = r′j and letT2 be the remaining tuple-ors inR1.
Similarly, defineS1 andS2 over the tuple-ors inR2. Thus
T1 = S1 and|T2| = |S2|.

Chooseri ∈ T2 andr′j ∈ S2. Without loss of gener-
ality, assume that there is some tuplet in ri that is not in
r′j . Letx tuple-ors inR1 containt. Then for each of these
x tuple-ors, includet in the instanceI. There must bex
corresponding tuple-ors inR2 that must be set tot in or-
der to produce the instanceI. Note that an equal number
of tuple-ors fromT1 andS1 would be set tot and so also,
an equal number of tuple-ors fromT2 andS2. Moreover,
if a set inT1 is set tot, then the corresponding set that is
equal to it inS1 must also be set tot.

At the end of this process no tuple fromr′j has been
chosen sincer′j does not containt. So we next look atr′j
and another tuple-orrk from T2 such thatr′j 6= rk and no
tuple fromrk has yet been chosen to be included in the
instance. We include some tupleu that occurs inr′j but
not inrk (or vice versa) in the instanceI, and set all other
tuple-ors that containu in R1 andR2 to u. We carry on in
this manner until finally we are left with only one tuple-or
in each ofT2 andS2 for which tuples have not yet been
chosen. Letv be a tuple that is present in the remaining
tuple-or fromT2 but not in the tuple-or fromS2. Let there
bey tuple-ors remaining inR1 that containv. Every tuple-
or in T1 that containsv has a corresponding tuple-or inS1

that containsv. Thus from here on, it would be possible to
constructI ∈ I(R1) that containsy instances of the tuple
v whereas onlyy−1 tuple-ors inR2 can be set tov. Thus
I ∈ I(R1) andI /∈ I(R2).

This shows thatR1 andR2 must have the same set of
tuple-ors. Moreover, the ‘?’ annotations on the tuple-ors
must be the same and to show this we can repeat the
above proof by removing the labels and instead adding
‘?’ to every labeled tuple-or as a special alternate tuple.
If the resulting instanceI contains any ‘?’ tuples then we
just discard these tuples and the resulting instance is the
one that can be found in one relation but not the other.

Sattr: EverySattr relation can easily be converted to an
equivalentStuple relation. Each u-tuplet in theSattr re-
lation is converted to a tuple-orr in theStuple relation by
choosing all possible combinations of attributes from the
attribute-ors int as alternate tuples forr. A ‘?’ tag for
a u-tuple inSattr becomes a ‘?’ tag for the correspond-
ing tuple-or. Under this transformation, two syntactically
differentSattr relations give two distinctStuple relations.
Hence by the uniqueness result inStuple, Sattr also has a
unique representation for every representable set of possi-
ble instances.

A.2 Proof of Non-Uniqueness ofS2, Sprop

and S⊕≡

Recall that we prove non-uniqueness of the representation
schemes by showing that answer to one of the following
questions for each of the schemes is yes:

Q1: Can two relations under a representation scheme
have different sets of u-tuples but the same set of in-
stances?

Q2: Consider two relations under a representation
scheme having the same sets of u-tuples. Can these
relations have non-equivalent constraints over the u-
tuples, yet the same set of instances?

The table below summarizes the answers to the two ques-
tions forS2 andSprop. We consider both cases where the
relations contain duplicates and where they don’t. In ad-
dition, we consider a restricted version ofS2 where only
mutual-exclusion (⊕) or mutual inclusion (≡) constraints
are allowed between tuples. We call this restricted repre-
sentation schemeS⊕≡.

Are there duplicates? S2 Sprop S⊕≡

Q1 No Yesa Yesc Noe

Q1 Yes Yesa Yesc Noe

Q2 No Nob Yesg Nob

Q2 Yes Yesd Yesd Yesf

Table 1: Uniqueness

The superscript in the table above points to the proof
for that entry.

Proof. a: Consider two relationsR1 = (T1, f1) and
R2 = (T2, f2). LetT1 containt1 = (a) andt2 = (b)
andT2 contains1 = (a). Now if f1 = t1 ∧ ¬t2 and
f2 = s1, thenI(R1) = I(R2).

b: Consider two relationsR1 = (T1, f1) and R2 =
(T2, f2). Let T1 = T2. If f1 6= f2 then there must
be some assignment,σ, of 1s and 0s to the tuples of
the relations such thatf1(σ) = 1 andf2(σ) = 0 or
vice-versa. SinceT1 andT2 do not contain dupli-
cates, the instance represented byσ in I(R1) can-
not be obtained by any other assignment of truth
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values to variables inT1 and hence inT2. Thus
I(R1) 6= I(R2).

c: Consider two relationsR1 = (T1, f1) and R2 =
(T2, f2). Let T1 contain one tuple,t1 = ({a, b})
with f1 = t1. Let T2 contain two tuples,s1 = (a),
s2 = (b) with f2 = (s1 ∨ s2) ∧ (¬s1 ∨ ¬s2). Then
I(R1) = I(R2).

d: Consider two relations,R1 = (T1, f1) and R2 =
(T2, f2) with T1 = T2 containing the tuplest1 =
(a), t2 = (a), t3 = (a) and t4 = (b). Let f1 =
(t1 ∨ t2) ∧ (¬t1 ∨ ¬t2) ∧ (t2 ∨ t3) ∧ (¬t2 ∨ ¬t3) ∧
(t3 ∨ t4) ∧ (¬t3 ∨ ¬t4) andf2 = (t1 ∨ t2) ∧ (¬t1 ∨
¬t2) ∧ (t3 ∨ t4) ∧ (¬t3 ∨ ¬t4). f1 andf2 are not
equivalent, butI(R1) = I(R2).

e: LetT1 andT2 be the tuple sets of two relationsR1

andR2 that have the same set of possible instances.
We show that every tuplet that belongs toT1 occurs
with the same multiplicity inT2 and vice versa. So
in order to get a contradiction, let us assume thatt
occur m times in T1 and n times in T2 and letm
be greater thann. Now look at the instance,I, in
I(R1) that containst the most number of times. In
particular, lett occurr times in this instance. This
means that some instance inI(R2) also containsr
ts. Consider the assignment of 1s or 0s to the boolean
variables corresponding to the tuples inR2 that pro-
duced this instance. Inverting this assignment would
also satisfy the constraints of the relation and would
produce an instance containingn − r ts. So there
must be an instance inI(R1) that also containsn−r
ts. Now consider the assignment of 1s and 0s to the
boolean variables corresponding to the tuples inR1

that produced this instance. Once again, inverting
this assignment would satisfy the constraints ofR1

and would produce an instance containingm−n+r
ts. Butm − n + r > r sincem > n and henceI
cannot be the instance inI(R1) containing the most
number ofts resulting in a contradiction.

f: Consider two relations,R1 = (T1, f1) and R2 =
(T2, f2) with T1 = T2 containing the tuplest1 =
(a), t2 = (a), t3 = (a) andt4 = (b). Let f1 = (t1 ⊕
t2)∧(t2⊕t3)∧(t3⊕t4) andf2 = (t1⊕t2)∧(t3⊕t4).
f1 andf2 are not equivalent, butI(R1) = I(R2).

g: Consider tuple setsT1 = T2 with three u-tuplest1 =
({a, b}), t2 = ({b, c}) andt3 = ({c, a}). Let f1 =
((t1⊕t2)∧¬t3) andf2 = ((t1⊕t3)∧¬t2). It can then
be seen thatI(R1) = I(R2) whereR1 = (T1, f1)
andR2 = (T2, f2).

A.3 Proof of Theorem 3.3

Proof. We consider each of the models in turn:

S2 without duplicates: Consider two relations
R1 = (T1, f1) andR2 = (T2, f2) in S2. We first
modify T1, T2, f1 andf2 to createT ′

1
, T ′

2
, f ′

1
and

f ′
2

respectively such thatT ′
1

= T ′
2
, I(T ′

1
, f ′

1
) =

I(T1, f1) andI(T ′
2
, f ′

2
) = I(T2, f2). The problem

then reduces to testing for the equivalence off ′
1

and
f ′
2
. In order to make the two tuple sets equal, we

remove tuples and make changes to the formulas as
follows: If a tuplet is present inT1, but not not in
T2, we check to see if there is any instance ofR1

that containst. This is easily accomplished by set-
ting the variable corresponding tot to True in f1

and checking to see iff1 is satisfiable. Sincef1 is
in 2-CNF form - this can be checked in polynomial
time. If the formula remains satisfiable, thenR1 and
R2 cannot be equivalent since no instance ofR2 can
contain the tuplet. On the other hand if the formula
is no longer satisfiable, it means that no instance of
R1 containst andt can be removed fromT1. f1 is
modified by removing the variable corresponding to
t from it. Similarly tuples inT2 that are not present
in T1 can also be removed. In the end, we are left
with two equal tuple sets and two 2-CNF formulas
f ′
1

andf ′
2

whose equivalence can be tested in poly-
nomial time.

S2 with duplicates: We prove that testing for the
equivalence of two relations inS2 when the relations
contain duplicates is NP-hard via a reduction from
Vertex Cover. Given a graph,G = (V,E), we would
like to determine if the graph contains a vertex cover
of sizek. For any such graph, we construct a relation
R1 in S2 by creating a tupleti = (x) for each vertex
vi ∈ V . For each edgeeij ∈ E, we add a constraint
to the formula of the form(ti∨tj). We then construct
another relationR2 in S2 with |V | tuplest1 = t2 =
. . . = t|V | = (x) and formulaf2 = t1∧ t2∧ . . .∧ tk.
Now G contains a vertex cover of sizek if and only
if R1 andR2 are equivalent.

Sprop: We show that testing for the equivalence of
two Sprop relations is NP-hard via a reduction from
SAT. Given a SAT formula,σ, we construct anSprop

instance,R, with a distinct tuple for every variable
and withσ as the formula over the tuples. Nowσ
is satisfiable if and only ifR is not equivalent to an
Sprop relation with an empty set of u-tuples.

B Minimization Proofs

B.1 Tuple Versus Constraint Minimality

Proof of Theorem 4.3:GivenR1 andR2, we give an al-
gorithm to constructR = (T, f) such that|T | < |T1| and
size(f) ≤ size(f1). First we construct anStuple relation
R12 with every u-tuple being collection of mutually ex-
clusive tuples. Two tuples,t1 andt2, of a relation are said
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to be mutually exclusive if (1) no instance of the relation
contains botht1 andt2 and (2) any instance of the rela-
tion containingt1 can be converted to another instance
of the relation by replacingt1 with t2 (and vice versa).
The u-tuples inR12 are obtained by first converting the u-
tuples with attribute-ors inR1 andR2 into u-tuples with
tuple-ors. Each such u-tuple is a set of mutually exclu-
sive tuples. We can now look at combinations of u-tuples
from R1 andR2 to form the smallest number of u-tuples,
T , each of which can be represented as attribute-ors. This
number of u-tuples is less than|T1| asR2 itself has fewer
u-tuples thatR1. Let us assume for this proof we have
constraints over u-tuples with tuple-ors (which are equiv-
alent to the constraints over attribute-ors).

We will now show how to transformf1 to constraints
overT . The u-tuples inT can be obtained from those in
T1 by a series ofsplits andcombines: sets of tuples in the
u-tuples ofR1 are either split into two sets, or two sets of
tuples are combined into one.

All necessary splits of u-tuples inR1 are first per-
formed, and then the u-tuples are combined to obtainT .
SinceR12 has fewer u-tuples thanT1, the number of com-
bines is more than the number of splits. Further, every
split of a u-tuple necessarily gives rise to a combine (oth-
erwise the split would not have been performed itself).
Each time either a split or combine is performed, we mod-
ify the formula so that the new relation with the modi-
fied u-tuples and formula remains equivalent toR1. We
now describe how the formula is modified during splits
and combines, and it can be seen that the number clauses
added during splits are reduced back during combines.
Hence we ultimately get a formula with size at most that
of f1.

Splits: Consider relationsR = (T, f) and R′ =
(T ′, f ′) whereT ′ = (T − t) ∪ t1 ∪ t2 andt1 andt2 are
obtained by splitting sett ∈ T . We would like to modify
f to obtainf ′ such thatR′ ≡ R. We start off by adding
the constraint¬t1 ∨ ¬t2 to f . Then every occurrence oft
in f is replaced byt1 ∨ t2. And every clause of the form
¬t ∨ C is replaced by two clauses,¬t1 ∨ C and¬t2 ∨ C.
This transformation preserves the equivalence ofR and
R′ while addingk + 1 clauses, wherek is the number of
clauses containing¬t.

Combinations: Consider relationsR = (T, f) and
R′ = (T ′, f ′) whereT ′ = (T − t1 − t2) ∪ t andt is ob-
tained by combiningt1 andt2. We modifyf to obtainf ′

such thatR′ ≡ R. Without loss of generality, assume that
the number of clauses containing¬t1 is at least as large
as the number of clauses containing¬t2. Then delete all
clauses containing¬t1 and replace every occurrence oft2
and¬t2 with t and¬t respectively. Also replace every
clause of the formt1 ∨ C with C. This transformation
preserves the equivalence ofR andR′ while reducing the
number of clauses in the formula byl wherel is the num-
ber of clauses containing¬t1. �

B.2 Incremental Minimality of Operations

Proof of Theorem 4.6:
We show here that the algorithms presented in [20]

maintain incremental under union and cross product. We
just need to show that no u-tuples in the result of union or
cross product can be merged. That is, if we start with two
Sprop relationsR1 andR2 with the minimum number of
u-tuples, the algorithms in [20] giveS = R1 ∪ R2 and
T = R1 × R2, whereS andT have minimal number of
u-tuples.
Union: The resultS = R1 ∪ R2 has the union of the
u-tuples inR1 andR2. Now note that no instances of u-
tuples fromR1 can be merged from those ofR2. This
follows from the fact that we use multiset semantics, and
merging tuples, sayt1 andt2 would eliminate the possible
instance inS which contained botht1 and t2; there has
to be such an instance containing botht1 and t2 asR1

andR2 being minimal, every u-tuple in them appears in
some instance. Finally, if we can merge u-tuples inR1 (or
R2 resp.) itself, then this violates minimality ofR1 (R2

resp.).
Cross Product: Now considerS = R1×R2. The resultS
contains a u-tuple for every combination of u-tuples from
R1 and R2. Here again, merging any two instances of
u-tuples fromR1 andR2 would change the possible in-
stances ofS: Suppose we merged two tuplest1 and t2,
both these were in distinct u-tuples in a least one ofR1

andR2, and there must have been an instance containing
botht1 andt2, which is ruled out after merging. �

Failure of Selection, Projection and Natural Join:
We show that the most natural algorithms of performing

these operations fail to maintain incremental minimality.
In other words, we show that after performing these oper-
ations, it may become necessary to merge two u-tuples in
the result. Consider anSprop relationR with one attribute
X having two possible instances:

P1: (1), (3)
P2: (2)

It can be seen that anySprop relation that represents
exactly the possible instances above would need to have
three u-tuples{t1:(1),t2:(2),t3:(3)}. Now performing the
selectionR′ = σX>1(R) we get the possible instances:

P1’: (3)
P2’: (2)

As can be seen, now the tuples (2) and (3) can be merged
in the result to give the representation:{(2), (3)}, and
just retainingt′

2
:(2) andt′

3
:(3) as u-tuples does not give

the minimal result.
We now similarly show a case where u-tuples can be

merged after applying projection. Consider the relation
S(X,Y ) with two attributes and just one possible world:

P1:(p 1), (q 2)
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The minimal Sprop relation for S would need two u-
tuples{t1:(p 1) andt3:(q 2). However, on performing
S′ = ΠX(S), the result is a single possible world with
two tuples (p) and (q). In this result,t′

1
and t′

2
can be

merged to give a single u-tuple{p, q}.
For natural join, we use an idea similar to selection:

replace (1), (2) and (3) inR with (a, 1), (b, 2) and (b, 3),
and then perform the join ofR with T having a simple
possible instance (b). The result ofR ⋊⋉ T is:

P1’: (b 3)
P2’: (b 2)

Here again the tuples (b 2) and (b 3) can be merged in the
result to form one u-tuple{(b 2), (b 3)}. Therefore, for
these operations if we want to maintain incremental mini-
mality, we need to detect possible merges of the resulting
u-tuples, and just the natural algorithm without merging
does not work.

Finally, we show that in general, maintaining minimal
number of u-tuples while performing operations is a hard
problem. This can be seen by a direct reduction from the
NP-complete bi-clique cover problem to the minimality of
number of u-tuples for two attributes. An instance of the
bi-clique cover problem is reduced to a set of tuples over
two attributes with(a, b) added if and only if there is an
edge betweena andb. And any arbitrary set of tuples can
be obtained from a minimalSprop relation with exactly
one u-tuple containing the cross product of all possible
vertex combinations: We perform a selection only to re-
tain the edges in the input of the bi-clique cover problem.

C Approximate Representation
Proofs

Proof of Theorem 5.2: First note that AlgorithmStuple-
REP runs in polynomial time inP : Steps 1-6 require at
most a pass of the instances inP . In the final step we
check whether the constructedR represents exactlyP .
Even a brute force implementation of this would take at
most quadratic time inP ; we can enumerate the instances
of R and check if they appear inP , each with a scan ofP .

We now show that the algorithm correctly returnsR
whenever anStuple representation ofP exists. Clearly if
it returnsR, it is a representation ofP (Step 7). Finally we
show if noR is returned, there does not exist anyStuple

representation ofP ; in other words, we show that every
step in the algorithm adds tuples to u-tuples of the partialy
generatedR in the only way possible. When we look for
the addition ofti in step 5, we look at its co-occurences
with other added tuples. We then find a representation
for the restriction ofP to tuplest1, . . . , ti, and there is
a uniqueStuple representation for this (if any). So if we
can addti, this is the unique possible way of addingti,
and if there is no representation for the restriction ofP to
t1, . . . , ti, there is noStuple representation ofP . �

Proof of Lemma 5.4: We show that the set ofn possi-
ble instances from Example 5.5 has no constant factor ap-
proximation under the Jaccard measure of similarity be-
tween possible instances. Consider some approximation
R which agrees withP = {P1, . . . , Pn} on exactlyk
instances,0 ≤ k ≤ n. Let the number of possible in-
stances ofR be m; the approximation is then given by
|I(R) ∩ P |/|I(R) ∪ P | = k/(n + m − k). Note that for
R to have a constant factor approximation,k = Ω(n).

Now sinceR hask possible instances fromP , the tu-
ples of at leastk of the possible instances must be in the
Stuple representation ofR. Further, whenever tuples for
a particular instances, sayPj is chosen, the rest of the tu-
ples are not present in the instance. So either the u-tuples
for all (k, 1) and (k, 2), j 6= k have ‘?’, or are in the
same u-tuples as(j, 1) and(j, 2) respectively. It can be
seen that under these conditions, form to be smallest we
have just two u-tuples inR, the first one being( (i1, 1)
|| (i2, 1) || . . . || (ik, 1) ) and the second being(
(i1, 2) || (i2, 2) || . . . || (ik, 2) ). Even in this
case we havek2 possible instances, and so we do not get
a constant factor approximation. �

Proof of Theorem 5.7: We first show the NP-hardness
of finding the best approximation by a reduction from
the NP-complete minimum graph coloring problem. Con-
sider an input graphG(V,E) to the minimum graph col-
oring problem. We construct a setP of |E| possible in-
stances over a schema with one attribute. For allvi, vj ∈
V , the instance containing the two tuples(vi) and(vj) is
in P if and only if (vi, vj) ∈ E. Intuitively, a possible
instance being covered by an approximationR imposes
the condition that the endpoints of that edge are colored
differently in P . Any approximationR under the condi-
tions mentioned in the paper is a coloring ofG with each
u-tuple being a different color. Firstly, since the maxi-
mum multiplicity of any tuple in a possible instance is 1,
each tuple appears in at most one u-tuple inR. There-
fore, each coloring gives an approximation with the num-
ber of u-tuples being the number of colors, and vice versa.
The best approximation gives the minimum number of u-
tuples required and hence the minimum number of distinct
colors required to colorG.

We now show an inverse mapping: reducing an instance
of the best approximation problem to that of minimum
graph coloring, which is known to admit a 5/7-differential
approximation [42]. Let us say we are given a setP of
possible instances. As a first step, we make the maximum
multiplicity of any tuple to be 1. For example, let us say
there is a tuplet that appears a maximum of 2 times in
instances ofP ; each first instance is replaced byt1, and
second instance byt2. We now construct a graphG(V,E)
with each distinct tupletk in any instance ofP being a
vertex, and adding an edge(ti, tj) if and only if they ap-
pear together in some instance ofP . It can again be seen
that every coloring ofG gives an approximation ofP , and
every approximation ofP gives a coloring ofG. Thus,
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the best approximation ofP is obtained by assigning ev-
ery tuple corresponding to a vertex with the same color to
a u-tuple.

�

D Closure versus Completeness
Proof

Proof of Theorem 6.1:
We show the result for the set{Π, ⋊⋉}, and this implies

that the result holds for{Π,×, σ}, because a join can be
performed as a cross product, followed by selection and
projection. We show how any arbitrary set of possible
instancesP = {I1, I2, . . . , In} can be represented inS.
Start with an uncertain relationR with two possible in-
stances,P1:(1) andP2:(2) that is representable inS. Per-
form R′ = R ⋊⋉θ R, whereθ is the empty condition.
Since we look at uncertain relations, the two uncertain
relationsR in the expression forR′ are independent of
each other and the result of the join gives four possible in-
stances:P1:(11),P2:(12),P3:(21), andP4:(22). We keep
performing such joins till we getn possible instance. (If
n is not a power of 2, we get the next power of 2 possible
instances and then join with a regular relation withn tu-
ples to get exactlyn possible instances.) Let us call this
uncertain relationT1, that is representable inS.

We now construct a regular relationT2 as follows. The
schema ofT2 has all attributes in the schema of the in-
stances ofP , and also all attributes inT1. The tuples ofT2

are obtained by taking all tuples ofIj , padding them with
the tuples inPj of T1 and including them inT2. SinceT2

is a regular relation, it can be represented inS.
Finally, sinceT1 andT2 are representable inS, so is

ΠX(T1 ⋊⋉ T2) whereX is the set of attributes inP . And
notice thatΠX(T1 ⋊⋉ T2) has exactly the possible worlds
of P , and soP is representable inS. �
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