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Abstract In general terms, an uncertain relation encodes a
set of possible certain relations. There are many ways to rep-
resent uncertainty, ranging from alternative values for at-
tributes to rich constraint languages. Among the possible
models for uncertain data, there is a tension between sim-
ple and intuitive models, which tend to be incomplete, and
complete models, which tend to be nonintuitive and more
complex than necessary for many applications. We present
a space of models for representing uncertain data based on
a variety of uncertainty constructs and tuple-existence con-
straints. We explore a number of properties and results for
these models.

We study completeness of the models, as well as closure
under relational operations, and we give results relating clo-
sure and completeness. We then examine whether different
models guarantee unique representations of uncertain data,
and for those models that do not, we provide complexity
results and algorithms for testing equivalence of representa-
tions. The next problem we consider is that of minimizing
the size of representation of models, showing that minimiz-
ing the number of tuples also minimizes the size of con-
straints. We show that minimization is intractable in general
and study the more restricted problem of maintaining min-
imality incrementally when performing operations. Finally,
we present several results on the problem of approximating
uncertain data in an insufficiently expressive model.

1 Introduction

The field of uncertain databases has attracted considerable
attention over the last few decades (e.g., [2,3,31,38,43]),
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and is experiencing revived interest [6,13,16,19,37,40,56,
59] due to the increasing popularity of applications such as
data cleaning and integration, information extraction, sci-
entific and sensor databases, and others. We observe that
data models for uncertainty either tend to have limited ex-
pressive power, or gain expressiveness at the cost of being
nonintuitive. This paper presents a space of data models for
uncertainty. A wide spectrum of expressiveness is covered
by varying the allowed tuple-level constructs and existence
constraints across tuples. We explore this space through sev-
eral important properties of uncertain data models.

A relation in an uncertain database represents a set of
possible instances (sometimes called possible worlds) for
the relation. A variety of constructs can be used to repre-
sent possible instances [2]: A set of alternative values can
be used to indicate uncertainty about the value of a partic-
ular attribute in a tuple [10,25,27,30,31,39,45] or the en-
tire tuple can be comprised of several alternative tuples [12,
25,37,53]. Annotations can be used to indicate uncertainty
about whether or not a tuple is present, and constraints on
variables or tuple identifiers can be used to correlate uncer-
tainties such as tuple presence or alternative values [3,21,
23,34,35,38,43].

In this paper, we consider combinations of tuple-level
constructs as well as constraints across tuples, giving us a
space of models for uncertain data comprised of a finite set
of possible instances. We identify an inherent tension: Intu-
itive models that appear to capture the most common types
of uncertainty in data typically are not complete—they can-
not represent every finite set of possible instances. Further-
more, often such models are not even closed under some
standard relational operators—the result of performing oper-
ations on the uncertain data may not be representable in the
models. Complete models, on the other hand, can be com-
plex and their representations can be difficult to understand
and reason about. After enumerating the space of models to
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be considered, we identify and study several important prop-
erties of the models:

Closure and Completeness

We first analyze the closure and completeness properties
of the models, as defined in the previous paragraph. (Intu-
itively, closure studies whether a model can represent the
result of an operation, and completeness studies whether
a model can represent any set of possible instances.) For
models that are not closed under some operations, we deter-
mine which other models can represent results of perform-
ing these operations. We also show a new result connecting
closure and completeness: Any model that can represent a
certain minimal form of uncertainty, and that is closed un-
der a small subset of relational operations, is also complete.

Expressiveness

We study the expressive power of each model. A model M
is strictly more expressive than a model M′ if M can rep-
resent all uncertain relations that can be represented in M′,
and at least one uncertain relation that cannot be represented
in M′. By identifying fundamental properties of uncertain
data that the various models do or do not satisfy, we are able
to establish a hierarchy of expressive power among the mod-
els we study.

Membership Problems

In uncertain databases it is natural to consider membership
tests: (1) Is a given tuple t in some instance of an uncer-
tain relation R? (2) Is a given tuple t in every instance of
an uncertain relation R? (3) Is a given certain relation I an
instance of an uncertain relation R? (4) Is a given certain
relation I the only instance of an uncertain relation R? A
considerable amount of past work has studied these prob-
lems, e.g., [2,3,34,35,38]. We give complexity results for
these problems with respect to the new models we intro-
duce, showing that some of the simpler models permit more
efficient membership testing.

Uniqueness and Equivalence

A model M is said to be unique if every representable set
of relation instances has a unique representation in M; oth-
erwise M is non-unique. We analyze uniqueness properties
of the different models we study. Previous models for un-
certain databases, e.g., [3,31,34,38,43], are generally very
expressive and easily seen to be non-unique. The problem
of uniqueness becomes significantly more interesting when
we consider simpler models. For the non-unique models, we
address the problem of testing whether two uncertain rela-
tions represent the same set of instances. We analyze the

complexity of equivalence testing and give algorithms for
the polynomial cases.

Minimization

Since non-unique models may have many equivalent repre-
sentations, we are interested in defining and identifying min-
imal representations for sets of possible instances. The non-
unique models that we consider are comprised of tuples and
constraints. An important result we show is that minimiz-
ing the number of tuples in a representation also minimizes
the size of constraints required to represent the uncertain re-
lation. This result simplifies the minimization problem, but
minimizing arbitrary uncertain relations is still NP-hard. We
therefore study the problem of preserving minimality incre-
mentally when performing operations on minimal represen-
tations.

Approximation

The last problem we address is that of approximating an un-
certain relation when we wish to use a simple model that
cannot represent all sets of possible instances (i.e., that is in-
complete). We first give an algorithm to determine whether
a set of possible instances can be represented in some of
the simpler models we consider. If not, then approximation
is required (i.e., representing the set of possible instances
“as well as possible”). We show that there are “bad cases”
of sets of possible instances for which there is no constant-
factor approximation in the simpler models we consider. We
also define a “best” approximation, show that it is NP-hard
to find, and give a polynomial-time algorithm to find an ap-
proximate best approximation.

1.1 Outline of Paper

The paper proceeds as follows. In Section 2 we motivate our
constructs for uncertainty, then in Section 3 we enumerate
the models we consider. The properties and problems high-
lighted above are studied in Sections 4–9. Related work is
discussed in Section 10, and we conclude with future work
in Section 11.

2 Constructs for Uncertainty

We introduce a sequence of examples on a running sam-
ple application to motivate the space of models we consider
(Sections 2.1 and 2.2). We then review and define the nec-
essary fundamentals for the remainder of the paper (Sec-
tion 2.3).
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2.1 A Running Example

As a running example for the paper, we consider data man-
agement for the Christmas Bird Count (CBC) [1,60]. Each
year, volunteers and professionals worldwide observe birds
for a fixed period of time, recording their observations. The
data from year to year is used to understand trends in bird
populations, and to correlate bird life with short-term and
long-term environmental conditions. Individual bird sight-
ings may not always be precise in terms of species, location,
or time, and the observations of professionals may provide
more reliable data than those of amateurs. Thus, there is in-
herent uncertainty in the data.

In this paper we considerably simplify and hypothesize
some of the CBC data and functionality to keep the exam-
ples relevant and simple. We use the following schema; for
the actual CBC schema see [1].

BirdInfo(birdname, color, size)
Sightings(observer, when, where, birdname)

2.2 Motivation for Uncertainty Constructs

Let us begin with an observer, Amy, who definitely saw a
jay, and may or may not have seen another bird that was
either a crow or a raven. These observations can be repre-
sented in the Sightings relation as follows:

Observer When Where Birdname
Amy 12/23/06 Stanford jay
Amy 12/23/06 Stanford {crow, raven} ?

“{crow,raven}” is an attribute-or, indicating uncertainty
between the two values, and “?” denotes a maybe-tuple, i.e.,
uncertainty whether the tuple is in the relation. (Previous
work has used similar constructs to represent uncertainty in
the value of an attribute [10,25,27,30,31,39,45] and uncer-
tainty in the presence of a tuple [3,21,23,34,35,38,43].) In-
tuitively, this uncertain relation represents the following set
of three possible relation instances, the first containing only
a single tuple, and the other two containing two tuples and
differing on birdname:

Observer When Where Birdname
Amy 12/23/06 Stanford jay

Observer When Where Birdname
Amy 12/23/06 Stanford jay
Amy 12/23/06 Stanford crow

Observer When Where Birdname
Amy 12/23/06 Stanford jay
Amy 12/23/06 Stanford raven

2.2.1 Completeness and Closure

A first natural question to ask is whether every possible set
of relation instances can be captured by a model M that

allows only attribute-ors and maybe-tuples. The answer is
no, meaning M is incomplete.

Example 1 Consider for example the following three in-
stances, in which Amy saw either a crow, a raven, or both.

Observer When Where Birdname
Amy 12/23/06 Stanford crow

Observer When Where Birdname
Amy 12/23/06 Stanford raven

Observer When Where Birdname
Amy 12/23/06 Stanford crow
Amy 12/23/06 Stanford raven

To see why this set of instances cannot be represented,
note that we would need two separate tuples for crow
and raven, otherwise we would not get the third instance,
which has two tuples. Both of these tuples would have to be
marked “?” (to get the two instances with one tuple each).
However, then the empty relation (no birds sighted) would
also be a possible instance, which we did not intend to in-
clude. ¤

Now let us explore what happens when we perform opera-
tions on the data. Informally, the operation is performed on
all possible input instances to generate its result (formally
defined in Section 2.3).

Example 2 Suppose we have the following sighting of ei-
ther a dove or a sparrow:

Observer When Where Birdname
Bill 12/27/06 Palo Alto {dove,sparrow}

and the following relevant tuples in the BirdInfo relation:

Birdname Color Size
dove gray medium

sparrow brown small

If we perform a natural join of these two relations, there are
two possible instances in the result:

Observer When Where Birdname Color Size
Bill 12/27/06 Palo Alto dove gray medium

Observer When Where Birdname Color Size
Bill 12/27/06 Palo Alto sparrow brown small

Using the types of uncertainty we have looked at so far—
attribute-ors and maybe-tuples—there is no way to represent
that exactly one of these two tuples exists. ¤

Example 3 Consider the same sighting tuple from the previ-
ous example, but now as a contrived example for illustrative
purposes, suppose the BirdInfo relation contains:

Birdname Color Size
dove gray medium
dove white small
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Now the natural join produces the following two instances
(the empty instance is shown by displaying just the schema
and no data):

Observer When Where Birdname Color Size

Observer When Where Birdname Color Size
Bill 12/27/06 Palo Alto dove gray medium
Bill 12/27/06 Palo Alto dove white small

Again, using the types of uncertainty we have looked at so
far, there is no way to represent that either both of the tuples
exist or neither do. ¤

2.2.2 Adding Constraints to the Model

Examples 2 and 3 show that a model with only attribute-ors
and maybe-tuples is not closed under the natural join opera-
tion. Specifically, Example 2 shows that for closure we need
some form of mutual exclusion over tuples (exclusive-or, de-
noted⊕), while Example 3 shows we need mutual inclusion
(iff, denoted ≡).

These examples suggest adding constraints over the ex-
istence of tuples, and in fact later we will see that by al-
lowing arbitrary existence constraints, we obtain a complete
(and therefore closed) model. The next example shows that
constraints involving only ⊕ and ≡ are not sufficient for
completeness.

Example 4 Consider the following set of instances repre-
senting zero, one, or two sightings, but the later sighting
cannot be recorded without the earlier one:

Observer When Where Birdname

Observer When Where Birdname
Carol 12/25/06 Los Altos bluebird

Observer When Where Birdname
Carol 12/25/06 Los Altos bluebird
Carol 12/26/06 Los Altos bluebird

The reader may verify that this set of instances also cannot
be represented using attribute-ors and maybe-tuples. Intu-
itively, this example requires an implication constraint be-
tween two tuples. ¤

For complexity reasons it is natural to consider con-
straints that are restricted to binary clauses: 2-satisfiability
is polynomially solvable, whereas 3-satisfiability is NP-
hard [33]. It turns out 2-clauses are not sufficient for com-
pleteness either, as seen in the next example, which also
explores the effect of selection predicates on uncertain at-
tribute values.

Example 5 Suppose we have the following sighting of ei-
ther a crow, sparrow, or dove:

Observer When Where Birdname
Dave 12/25/06 Menlo Park {crow,sparrow,dove}

and the following tuples in the BirdInfo relation:

Birdname Color Size
crow black medium

sparrow brown small
dove gray medium

If we perform a natural semijoin of BirdInfo with
Sightings, the result has the following set of three pos-
sible instances:

Birdname Color Size
crow black medium

Birdname Color Size
sparrow brown small

Birdname Color Size
dove gray medium

Representing this set of instances requires an exclusive-or
among three tuples, so it cannot be modeled with only 2-
clauses. ¤

2.2.3 Tuple-Ors

Let us go back to Example 2: The join result has two pos-
sible instances with one tuple each and is not representable
using only attribute-ors and maybe-tuples. The possible in-
stances in this result can, however, be represented using
tuple-ors, a set of distinct alternative (mutually exclusive)
values for tuples, as follows:

(Observer, When, Where, Birdname, Color, Size)
(Bill, 12/27/06, Palo Alto, dove, gray, medium) ||
(Bill, 12/27/06, Palo Alto, sparrow, brown, small)

Note that tuple-ors are strictly more expressive than
attribute-ors: a tuple with multiple attribute-ors represents
all combinations of possible attribute values, whereas a
tuple-or can specify all combinations or only specific ones.
With tuple-ors and “?”s we can also represent the three-way
mutual-exclusion in Example 5 above, but we still do not
achieve closure: the mutual inclusion in Example 3 is still
not representable. Previous work [12,25,37,53] has used
similar constructs to represent possible values for a tuple.

2.2.4 C-Tables

Most early work in uncertain databases has been devoted to
defining and analyzing data models, and in particular, com-
plete models. The first and foremost complete model is c-
tables, introduced originally in [38]. A c-table is comprised
of tuples, possibly containing some variables in place of val-
ues. Each tuple has an associated condition, specified by a
conjunction of (in)equality constraints. A c-table may also
contain a global condition (introduced in [34]). Each assign-
ment of values to variables that satisfies the global condi-
tion represents one possible relation instance: the relation
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containing all tuples whose conditions are satisfied with the
given assignment.

The presence of free variables in c-tables allows them to
represent an infinite set of possible instances, while in this
paper we are considering only models that represent finite
sets of possible instances. Further, the models we consider
in this paper represent sets of possible instances for each un-
certain relation in isolation; i.e., correlations across relations
aren’t captured. Under this setting, we shall see that like c-
tables, MA

prop, the most expressive model in our space, is
complete. Therefore, in our setting MA

prop and c-tables are
equally expressive.

Example 6 Recall the original example uncertain relation
representing a sighting of a jay and a possible sighting of
either a crow or a raven. This example is represented in a
c-table as:

Observer When Where Birdname
Amy 12/23/06 Stanford jay
Amy 12/23/06 Stanford crow
Amy 12/23/06 Stanford raven

(x = 0) ∧ (y = 0)
(x 6= 0) ∧ (y = 0)

The conditions involving x and y together im-
pose the constraint that at most one of the
tuples (Amy,12/23/06,Stanford,crow) and
(Amy,12/23/06,Stanford,raven) is present. If (y 6= 0)
none of the two tuples is present and if (y = 0) exactly one
of the two tuples is present depending on the value of x:
the former tuple is present if (x = 0) and the latter tuple is
present if (x 6= 0). ¤

While c-tables are a very elegant formalism, the above
example illustrates one of its disadvantages: even fairly sim-
ple cases of uncertainty can be hard for users to read and
reason with intuitively. Some studies [51,55] suggest that
the use of free variables is what makes it nonintuitive. The
uncertainty models we consider in this paper—both the in-
complete and complete models—do not have free variables.

Several restrictions of c-tables (such as v-tables, Codd
tables, etc.) were also studied around the same time as c-
tables and subsequently [3]. These models put together can
also be thought of as a space of models. In this paper, we
focus on data models containing uncertainty constructs and
various forms of tuple-existence constraints mentioned ear-
lier.

2.2.5 Summary

Before proceeding we make a few observations:

1. Simple, intuitive models for uncertainty may be suffi-
cient for the purposes of some applications. If the initial
uncertainty in the data is representable in a simple model
M, and the application requires only a restricted set of
operations under which M is closed, then M is suffi-
cient for the application. Thus, it is worthwhile to study
closure and expressiveness properties of various models.

2. When relational operations are performed on simple
models, more complex forms of uncertainty may be gen-
erated, as seen in examples above. We are therefore in-
terested in analyzing the progression in complexity of
uncertainty as different operations are performed.

3. Complex types of uncertainty may take many forms, but
in general uncertainty can be captured by adding exis-
tence constraints among tuples, describing what com-
binations of tuples may together in a possible instance.
Different forms of constraints capture different types of
uncertainty.

We will soon (Section 3) introduce a specific space of mod-
els motivated by these observations. Then in Sections 4–9
we will study several properties of the models as motivated
in Section 1. However, we first need some preliminary defi-
nitions and fundamentals.

2.3 Fundamentals of Uncertain Databases

We review and define a number of basic formal concepts
needed in the remainder of the paper. Note that varied termi-
nology for many of these concepts has been used in previous
related work.

A relation schema is defined as a set of attributes
{A1, A2, . . . , An}. A tuple is an assignment of one value
to each of the attributes in the schema. A relation instance
is a multiset of tuples. Set semantics are obtained through
explicit duplicate-elimination operations. We use the term
ordinary relation to refer to conventional relations with no
uncertainty.

Definition 1 (Uncertain Relation) An uncertain relation
R defines a set of possible instances (or instances for short),
I(R) = {R1, R2, . . . , Rn}, where each Ri is an ordinary
relation. ¤

A data model (or simply model) defines a method for
representing uncertain relations R, i.e., a way of represent-
ing sets of instances I(R). Section 2.2 motivated some pos-
sible data models for uncertain relations by introducing vari-
ous extensions to the basic relational model: sets of possible
attribute values instead of single values, sets of alternative
tuples instead of regular tuples, maybe-tuples, and existence
constraints among tuples.

Definition 2 (Completeness) A data model M is complete
if any finite set of relation instances corresponding to a given
schema can be modeled by an uncertain relation represented
in M. ¤

In Section 2.2 several examples illustrated incompleteness
by showing a modelM and a set of instances S such that no
R in M could represent S, i.e., there was no R expressible
using M such that I(R) = S.
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Fig. 1 Example illustrating Definition 3 for unary operation Op on
uncertain relation R.

Next we formalize operations on uncertain relations and
the closure property.

Definition 3 (Operations on Uncertain Relations) Con-
sider uncertain relations R1, R2, . . . , Rn, and an n-ary re-
lational operator Op. The result of Op (R1, R2, . . . , Rn)
is an uncertain relation R such that I(R) = {I | I =
Op (I1, I2, . . . , In), I1 ∈ I(R1), I2 ∈ I(R2), . . . , In ∈
I(Rn)}. ¤

Note this definition can be applied to any data model for
uncertain relations according to Definition 1. Figure 1 illus-
trates the definition for a unary operator Op. The definition
considers the set of instances I(R) of an uncertain relation
R (the downward arrow on the left), and applying Op on
each instance of I(R) to obtain the set of resulting instances
A (the lower arrow). The first question raised by this defini-
tion is whether an uncertain relation R′ exists in the model
such that I(R′) is the set of instances in A (the downward
arrow on the right). Closure is the condition that formalizes
the existence of R′ in a model M:

Definition 4 (Closure) A modelM is said to be closed un-
der an operation Op if performing Op on any set of uncer-
tain relations in M results in an uncertain relation that can
be represented in M. ¤

Naturally, when M is closed under Op, a reasonable imple-
mentation would compute Op directly on R and not through
the set of possible instances, as depicted by the upper dashed
arrow in Figure 1.

3 Space of Models

In this section we describe formally a space of models and
their interrelationships, capturing and combining the types
of uncertainty we saw in Section 2.2. As illustrated in Sec-
tion 2.2, we consider two fundamental types of uncertainty:

1. uncertainty within a tuple, about the value of the tuple
itself

2. uncertainty across tuples, where the existence of a tuple
may be uncertain, or may depend on the existence of
other tuples

We begin by defining MA
prop, a complete model that cap-

tures intuitively both types of uncertainty. We will define the
other models in terms of different restrictions on MA

prop. In
our notation, the superscript on M specifies the first type of
uncertainty, and we use A to indicate that attribute-ors are
permitted. The subscript on M specifies the second type of
uncertainty, and we use prop to indicate that full proposi-
tional logic constraints across tuples are permitted. We now
formalize A-tuples, the MA

prop model, and then the other
models.

Definition 5 (A-tuple) An A-tuple is a tuple consisting of
either a single value or an attribute-or for each of its at-
tributes. An instance of an A-tuple is a regular tuple in which
we choose a single value for each attribute-or. ¤

Definition 6 (MA
prop) An MA

prop relation R = (T, f) con-
sists of:

1. a multiset of A-tuples whose identifiers are T =
t1, . . . , tn, and

2. a boolean formula f(T ). ¤

We assume unique tuple identifiers, i.e., ti 6= tj for i 6= j,
but the values of the A-tuples referred to by ti and tj could
be the same. In f(T ) the tuple identifiers are used as propo-
sitional variables with the meaning that ti is True if and
only if ti is in the relation instance. A satisfying assignment
for f(T ) is an assignment of either True or False to each
ti ∈ T such that f(T ) evaluates to True. Note that identi-
fiers that do not appear in f(T ) may be set to either True
or False in such an assignment. The following defines the
instances of an MA

prop relation.

Definition 7 (Instances of MA
prop) The set of instances

I(R) of an MA
prop relation R = (T, f) is the set of all pos-

sible ordinary relations obtained as follows:

1. Pick a satisfying assignment σ of f(T ). Let T ′ be the set
of A-tuples in T whose identifiers are set to True in σ.

2. Pick one instance for every A-tuple in T ′ to obtain an
instance I(R) of R. ¤

Example 7 The set of instances from Example 4 can be rep-
resented as an MA

prop relation as follows:

t1
t2

Observer When Where Birdname
Carol 12/25/06 Los Altos bluebird
Carol 12/26/06 Los Altos bluebird

f(T ) = t2 → t1

The formula f(T ) ensures that t2 is present only if t1 is
present as well. ¤
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Model Data Constraints
MA A-tuples none
M? tuples ?
MA

? A-tuples ?
M⊕≡ tuples binary ⊕, ≡
M2 tuples 2-clause
MA

2 A-tuples 2-clause
Mtuple tuples n-way mutual exclusion, ?
MA

prop A-tuples propositional

(a) Models (b) Expressiveness Hierarchy

Fig. 2 Space of Models

We now define a space of models as restrictions on
MA

prop. Restrictions are obtained by limiting the kind of
constraints specified in formula f , denoted in the subscript
of the model name, and/or limiting the model to use ordinary
tuples and not A-tuples, denoted in the superscript of the
name. Specifically, we use the notation shown in Table 2(a).
The superscript A on R means the model allows A-tuples,
otherwise only ordinary tuples. The subscript specifies the
type of constraints allowed: An empty subscript means that
each A-tuple must be present in the relation. A subscript
“?” means that maybe-tuples are allowed. A subscript “2”
means that f is a conjunction of clauses with at most two
literals. The subscript “⊕ ≡” means that f is a conjunction
of formulas each of the form (tk ⊕ tl) or (ti ≡ tj). Mtuple

consists of tuple-ors (Section 2.2.3) and “?”s. We shall see
shortly that Mtuple can be represented as a restriction of
MA

prop using regular tuples and constraints encoding n-way
mutual exclusion.

Figure 2(b) gives the interrelationship of our models in
terms of their expressive power: An edge from model M1

up to M2 means M2 is strictly more expressive than M1.
We will study and prove the relative expressive power of
these models in detail in Section 5.

Example 8 In Example 3 we joined an A-tuple with two
ordinary tuples, but the result was not expressible with A-
tuples. The result of the join can be expressed with anM⊕≡
relation:

t1
t2

Observer When Where Birdname Color Size
Bill 12/27/06 Palo Alto dove gray medium
Bill 12/27/06 Palo Alto dove white small

f(T ) = (t1 ≡ t2)

Example 9 The result of the semijoin in Example 5 was not
representable with A-tuples. We can represent it in Mtuple

with a single tuple-or:
(Birdname, Color, Size)

(crow, black, medium) || (sparrow, brown, small) || (dove, gray, medium)

This tuple-or is equivalent to encoding the constraint

f = (¬t1 ∨ ¬t2) ∧ (¬t2 ∨ ¬t3) ∧ (¬t1 ∨ ¬t3) ∧ (t1 ∨ t2 ∨ t3)

over tuples t1, t2, t3 given by:

t1
t2
t3

Birdname Color Size
crow black medium

sparrow brown small
dove gray medium

¤
In general, anyMtuple relation can be represented inMA

prop

by constraints f(t1, t2, . . . , tn) that take the following spe-
cial form. For an Mtuple relation with m tuple-ors, we par-
tition T into m parts r1, . . . , rm corresponding to the tuple-
ors. For each rj containing say {tj1 , tj2 , . . . , tjn}, f con-
tains the constraint ¬tjl

∨¬tjm for every pair 1 ≤ l < m ≤
n. If the tuple-or rj does not contain a “?”, then we also add
the constraint tj1 ∨ tj2 ∨ . . . ∨ tjn .

Example 10 The Mtuple relation from Example 9 can be
converted to a MA

prop relation with three tuples t1, t2, t3
corresponding to the three choices for the tuple-or. The con-
straints are ((¬t1∨¬t2)∧ (¬t2∨¬t3)∧ (¬t1∨¬t3)∧ (t1∨
t2 ∨ t3)). ¤

Other models could also have been picked in our space.
We picked this set of models because, as will be seen, they
are distinct from each other in many respects, and together
they capture a variety of interesting properties.
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4 Closure and Completeness

Now that we have defined the space of models, we study
their closure (Section 4.1) and completeness (Section 4.2)
properties. We then present an interesting result connecting
closure and completeness (Section 4.3).

4.1 Closure

In Section 2.2 we saw several examples of models and oper-
ations under which they were not closed: we were not able
to “complete the square” in Figure 1 by finding an R′ within
the model that represented the resulting set-of-instances A.
In this section we study the closure properties of the models
we introduced in Section 3.

We consider the multiset relational operators Union, In-
tersection, Cross-Product, Join, Difference, and Projection,
in addition to Duplicate-Elimination and Aggregation. As it
turns out, closure under Selection subtly depends on the ex-
act form of selection. We analyze closure for three different
selection predicate cases, based on whether or not attribute-
ors are involved:

1. In Select(ee) both operands have exact values.
2. In Select(ea) one operand has an exact value and the

other is an attribute-or.
3. In Select(aa) both operands are attribute-or.

As an example of the subtlety, MA is closed only under
Select(ee), while MA

? is closed only under Select(ee) and
Select(ea).

Theorem 1 The closure properties of our models are spec-
ified in Table 1. If “Y” appears in the row for operation Op

and column for modelM, thenM is closed under the oper-
ation Op, otherwise it is not. ¤
An exhaustive proof of this theorem appears in the appendix.
Let us look at an example showing the difference between
Select(ee) and Select(ea). MA is closed under Select(ee).
Consider a relation with one A-tuple [{crow,raven}],
and predicate bird=‘crow’ which falls under Select(ea)
since ‘crow’ is exact and bird is an attribute-or. The
result is the maybe-tuple [crow]?, which is not repre-
sentable in MA. Thus MA is not closed under Select(ea).

It is interesting to note that while M⊕≡, Mtuple, and
MA

2 all have differing expressive powers, they have exactly
the same closure properties. Note that MA

prop is closed un-
der all relational operations. We shall see shortly thatMA

prop

is in fact a complete model.

4.2 Completeness

Every complete model is closed under all relational oper-
ations, since every operation generates a finite set of in-

Model MA M? MA
? M2 M⊕≡,MA

2 , MA
prop

Closure Mtuple

Union Y Y Y Y Y Y
Select(ee) Y Y Y Y Y Y
Select(ea) N Y Y Y Y Y
Select(aa) N Y N Y Y Y
Intersection N Y N N N Y
Cross-Product Y N N N N Y
Join N N N N N Y
Difference N Y N N N Y
Projection Y Y Y Y Y Y
Duplicate N Y N N N Y
Elimination
Aggregation N N N N N Y

Table 1 Closure of the Space of Models

stances, and any set of instances is representable by a com-
plete model. The converse is not true however: models may
be closed under many operations even though they are not
complete. An extreme example is a model that permits only
ordinary relations. This model is closed under all relational
operations but certainly is not complete for uncertain data. In
our space of models, obviously only MA

prop could be com-
plete, since all the other models are not closed under some
operation. The following theorem shows that MA

prop is in-
deed complete.

Theorem 2 MA
prop is a complete model. ¤

Proof Given a set of instances {I1, I2, . . . , In}, we show
how to construct an MA

prop relation R = (T, f) such that
I(R) = {I1, I2, . . . , In}. We associate with each tuple ap-
pearing in any Ii a tuple identifier t ∈ T . For each distinct
tuple value in any Ii, the number of tuples in T having that
value is equal to the maximum number of times it appears in
any instance. For any i let Ti ⊆ T be the identifiers of tuples
appearing in Ii; Ti = {ti1, ti2, . . . , tini}. Let the identifiers
in T − Ti be {si1, si2, . . . , simi}. We then set f to be:

∨n
i=1(ti1∧ti2∧. . .∧tini∧¬si1∧¬si2∧. . .∧¬simi)

Each satisfying assignment of f now corresponds to one in-
stance: For f to be satisfied, one of the disjunctive clauses
above needs to be true. If the ith disjunct is true, the instance
Ii is obtained. ¤

Now we show that no restriction of MA
prop bounding

the size of the clauses in the propositional formula can be
complete.

Theorem 3 Let model M be the restriction of MA
prop

where the size of each clause in the CNF representation of
prop is less than k, a constant or function of the size of the
schema (but independent of the data). M is an incomplete
model. ¤
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Proof We show a set of instances not representable in
M. Consider an uncertain relation R(A, B) and k tuples
t1, t2, . . . , tk where the value of tuple ti is (i, i). Let R have
all possible instances except the empty instance, i.e., each
instance has at least one tj . R cannot be represented in M:
It would need the k-clause (t1 ∨ t2 ∨ . . . ∨ tk). Any other
propositional formula involving clauses with fewer than k

literals, or a different k-clause, rules out some possible in-
stance of R: Specifically, it rules out possible instances cor-
responding to assignments that set the literals in the clause
to false. (Note that the encoding of an arbitrary CNF for-
mula into 3CNF needs to add new variables and hence is not
applicable above.) ¤

4.3 Closure versus Completeness

In our space of models, many of them are closed under many
operations (Table 1), but only one of them is complete. We
show an interesting result that any model M that is expres-
sive enough to represent a certain basic form of uncertainty,
and that is closed under a certain small set of operations,
can represent all finite sets of possible instances of an uncer-
tain relation, i.e., M is complete. Note that a more general
similar result was subsequently obtained in [37].

Theorem 4 (Closure ⇒ Completeness)
Consider a model M with the following properties:

– Basic Uncertainty: M can represent all ordinary (cer-
tain) relations as well as independent copies of a unary
uncertain relation R with two possible instances {[0]}
and {[1]}.

– Minimal Closure:M is closed under one of the follow-
ing sets of operations: (a) {Π,on}, or (b) {σ,Π,×}.1

Then M is a complete model. ¤

Proof We show how any arbitrary set of possible instances
P = {I1, I2, . . . , In} can be represented in M. We shall
first construct an uncertain relation T1 with n possible
instances: {[1]}, {[2]}, · · ·, {[n]}. We will then
construct an ordinary relation T2 such that joining T1 and
T2 yields the set of possible instances in P .

Although T1 is conceptually simple, creating it from our
building blocks is a bit complex. Start with l uncertain re-
lations R1, R2, . . ., Rl, each with two possible instances,
{[0]} and {[1]}, where l is the smallest integer such that
2l ≥ n. Successively perform (l − 1) joins with empty join
conditions to obtain S1, i.e., S1 = (· · · ((R1×R2)×R3)×
· · · × Rl). If n is not a power of 2 we get m = 2l, the
next power of 2, possible instances in S1: Each instance has
one l-length tuple with one of the possible combinations of

1 σ, Π, on, and × denote arbitrary selections, projections, joins, and
cross-product respectively.

0’s and 1’s, i.e., binary representations of numbers from 0 to
2l−1. Now consider an ordinary relation S2 that contains all
attributes in S1 and an additional attribute PW. S2 has m tu-
ples corresponding to the tuples in the m possible instances
in S1. The PW attribute in S2 is assigned such that all values
from 1 to n appear in some tuple, and 1 to n are the only
values that appear. Define T1 to be the natural join of S1

and S2 followed by a projection onto PW. T1 has n possible
instances, the ith instance having a single tuple with value i.

We now construct T2 as follows. Let X be the set of
attributes in P . The schema of T2 is the composition X ◦
PW . The tuples of T2 are obtained by taking, for each j,
1 ≤ j ≤ n, all tuples of Ij concatenated with the tuple in
the instance Pj of T1. Since T2 is an ordinary relation, it can
be represented in M.

Finally, since T1 and T2 are representable in M, so is
ΠX(T1 on T2). ΠX(T1 on T2) has exactly the possible in-
stances of P , so P is representable in M.

Our result also holds for the minimal closure set
{Π,×, σ} since a join can be performed as a cross-product
followed by selection and projection. ¤

Note that the same result holds when the uncertain relation
can only represent two possible instances {} and {[1]},
i.e., presence or absence of one tuple.

5 Expressiveness and Transition Diagram

Next, we present and analyze several distinguishing prop-
erties in our space of models, and we use the properties to
establish the strict hierarchy of expressive power we saw in
Figure 2(b). We then consider a generalized form of closure:
we present a transition diagram showing which of our mod-
els can represent results of performing operations on other
models.

The following definition formalizes relative expressive
power of models.

Definition 8 (Relative Expressive Power) A model M2 is
as expressive as a model M1 if every set of instances that
can be represented by a relation in M1 can also be repre-
sented by a relation in M2. M2 is more expressive than
M1 if M2 is as expressive as M1 and there is some set
of instances representable in M2 but not M1. ¤

As a simple example, MA
? is more expressive than MA:

MA
? can represent the set of two possible instances {[a]}

and {}, whileMA cannot represent these instances. The fol-
lowing theorem establishes the main result of this section.

Theorem 5 (Expressiveness Hierarchy) Recall the ex-
pressiveness hierarchy depicted in Figure 2(b). If there is
an arrow from model M1 to model M2, then M2 is
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more expressive than M1. If M1 and M2 are not ances-
tor/descendant pairs, then neither M1 nor M2 is as expres-
sive as the other. ¤

The proof of Theorem 5 will be based on a set of properties
that distinguish the expressive power of the different models.
(These properties also seem interesting in their own right.)
We will determine for which models each property holds
for all relations in that model. The properties are essentially
restrictions on the possible instances for uncertain relations.
Thus, if a model M1 satisfies a property that M2 does not,
then there is some set of possible instances representable in
M2 but not M1. The properties we use are:

– Constant Cardinality: All instances of R have the same
number of tuples.

– Path Connectedness: Define a path between two in-
stances I1 and I2 of R as a sequence of ordinary rela-
tions beginning with I1 and ending with I2 where each
relation adds, deletes, or replaces a single tuple in the
previous relation in the sequence. We say that a model
M is path connected for R if for any pair of instances I1

and I2 of R, there is a path between I1 and I2 such that
every relation I along the path is also an instance of R.

– Unique Minimum: R has a unique instance with a min-
imum number of tuples.

– Complement: Every instance I of R has a complement
Ic ∈ R such that: (1) I ∪ Ic contains the entire set of
tuples that appear in any instance of R, and (2) I ∩ Ic

contains the set of tuples that appear in every instance of
R.

– 3-Tuple Exclusion: A model M satisfies the 3-tuple
exclusion property if there is no relation R expressible
in M such that there exist three ordinary tuples t1, t2
and t3 satisfying the following property: every instance
I ∈ R contains exactly one ti, and (I − ti + tj) ∈ R

for 1 ≤ i 6= j ≤ 3. That is, a model satisfies the prop-
erty if it cannot express 3-way mutual exclusion between
ordinary tuples.

The following theorem specifies exactly which of our mod-
els satisfy which of these properties. The proof of the Ex-
pressiveness Hierarchy theorem (5) is based on this theo-
rem.2

Theorem 6 (Properties of Models) Table 2 establishes the
properties of our models. If “Y” appears in the row for prop-
erty P and column for modelM, thenM satisfies the prop-
erty P , and otherwise it does not. ¤

Proof

2 Note that two pairs of columns in Table 2 are identical. In most
cases the properties delineate the models, but in this case a more subtle
delineation is needed and is seen in the proof.

– Constant Cardinality: The constant cardinality prop-
erty is satisfied by MA since every A-tuple contributes
exactly one tuple to any instance. For every other model,
one can construct instances either using maybe-tuples or
constraints so that there are instances with unequal car-
dinalities: A “?” denotes possible absence of a tuple and
hence can give instances with different cardinalities. In
a model with constraints, absence of any constraint on
a tuple implies it may or may not be present, and hence
again gives different cardinalities.

– Path Connectedness: Path connectedness of anMA re-
lation R between two of its instances I1 and I2 follows
from a series of swaps of the distinct tuple instances of
the A-tuples in I1 and I2: Since picking any instance of
each A-tuple results in an instance of R, each relation in
the path is also an instance of R. Path connectedness of
M? follows from the fact that I1 and I2 may only differ
on maybe-tuples. These differences can be eliminated
by a series of insertions/deletions. Path connectedness of
MA

? can be similarly observed by first looking at the tu-
ples generated from maybe-tuples in I1 and I2 and elim-
inating/adding these one by one likeM?. The difference
between I1 and I2 now only originates from the other A-
tuples, which can be connected just like for MA. Note
that each of the atomic changes above keeps us within
the set of instances. The path connectedness property of
Mtuple follows the same idea as that of MA

? . Finally,
the set of instances in Example 8 can be represented in
all ofM⊕≡,M2, andMA

2 , but this set of instances does
not satisfy the path connectedness property as the only
two instances are not neighbors.

– Unique Minimum: M? satisfies this property since the
unique minimum instance is obtained by not choos-
ing any of the maybe-tuples. In the models allowing
attribute-ors or tuple-ors, we can create a relation with
at least two minimum cardinality instances by introduc-
ing an attribute-or (respectively tuple-or) in any tuple
present in the minimum instance. Finally, M⊕≡ and
M2 do not satisfy the unique minimum property since
both of them can represent the set of instances in Exam-
ple 2 containing two minimums.

– Complement: The complement of an M? instance is
obtained by inverting the selections of each of the
maybe-tuples. The M⊕≡ relation only allows con-
straints of the form ti ⊕ tj and ti ≡ tj . For these con-
straints, any satisfying assignment gives another satisfy-
ing assignment by flipping the value of every variable.
Hence every instance of anM⊕≡ relation has a comple-
ment (the certain tuples correspond to pairs of variables
whose tuple values are the same but assignments are
flipped in the satisfying assignments). Note that such a
complement satisfying assignment does not necessarily
exist for M2 or MA

2 with arbitrary 2-clauses in f . The
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Property-Model MA M? MA
? M⊕≡ M2 MA

2 Mtuple MA
prop

Constant Cardinality Y N N N N N N N
Path Connectedness Y Y Y N N N Y N
Unique Minimum N Y N N N N N N
Complement N Y N Y N N N N
3-Tuple Exclusion N Y N Y Y N N N

Table 2 Properties Satisfied by Models

property also is not satisfied by either ofMAorMA
? be-

cause one could construct a relation with an A-tuple hav-
ing, say, three instances, and at most one of them appears
in any instance of the relation. Similarly, an Mtuple re-
lation having a tuple-or with three tuples does not satisfy
the property.

– 3-Tuple Exclusion: This property is not as natural and
intuitive as the other properties. However, it brings out
the distinction between M2 and MA

2 . In the general
case, for modeling a 3-way exclusive-or constraint, a
3-clause is necessary. However, an A-tuple, for exam-
ple {finch,nightingale,dove}, can have an im-
plicit 3-way exclusive-or constraint across its instances.
Therefore, models that have A-tuples—MA,MA

? ,MA
2 ,

and MA
prop—do not satisfy this property. Similarly,

Mtuple also does not satisfy this property. M? satisfies
this property since all tuples in any M? relation are in-
dependent of each other. M⊕≡ can express only binary
exclusive-or, and since 2-clauses cannot be used to ex-
press 3-way exclusion, M⊕≡ and M2 also satisfy the
property.

Finally, MA
prop does not satisfy any of the properties as it is

a complete model: Since it can represent any finite set of in-
stances, it can represent the ones that violate the properties.
¤

We are now in a position to prove Theorem 5.

Proof of Theorem 5: There are two parts in the proof. (1)
Subsumption: If there is an edge fromM2 toM1, thenM1

is more expressive thanM2. (2) Incomparability: IfM1 and
M2 are not ancestor/descendant pairs, then neither M1 nor
M2 is as expressive as the other.

– Subsumption: We must show for every M2 → M1

that every uncertain relation in M2 can be converted to
an equivalent relation in M1, and that there exists an
uncertain relation in M1 not representable in M2.
The first part—showing M2 can be converted to an
equivalent representation in M1—is easier than show-
ing strict subsumption, i.e., M1 is more expressive than
M2. Clearly everyMA andM? relation is also anMA

?

relation and everyM⊕≡ relation is also anM2 relation.
Also, every M? relation can be converted to an equiv-
alent M⊕≡ relation by imposing no constraints on the
maybe-tuples. For each other tuple (with no “?”), two

identifiers with the same value are involved in an xor
constraint in M2. Every MA

? relation can be converted
to an MA

2 relation with absence/presence of positive 1-
clause constraints: For every tuple t in MA

? with no “?”
the constraint t is added in MA

2 , and no constraint is
added involving the other tuples. Since every tuple is
also an A-tuple, every M2 relation is also a MA

2 re-
lation. EveryMA

? relation can be converted to an equiv-
alent Mtuple relation by replacing every A-tuple with a
tuple-or containing all the instances of the A-tuple and
retaining the “?” labels.
Proving that M1 is more expressive than M2 involves
giving explicit examples of sets of possible instances
representable inM1 and notM2. We rely on the proper-
ties introduced earlier in this section. Consider the MA

?

relation:

Observer When Where Birdname
Amy 12/23/06 Stanford jay
Amy 12/23/06 Stanford {crow, raven} ?

The set of instances represented by the above relation
neither satisfies the constant cardinality property (satis-
fied by MA) nor the complement property (satisfied by
M?), and hence MA

? is more expressive than both MA

and M?. The above relation can also be represented
in M2, and since M⊕≡ also satisfies the complement
property, M2 is more expressive than M⊕≡. Consider
the set of instances in Example 2 representable inM⊕≡:
Since this set of instances does not satisfy the unique
minimum property (satisfied byM?),M⊕≡ is more ex-
pressive than M?. To see that MA

2 is more expressive
than MA

? , recall the following set of two instances from
Example 3:

Observer When Where Birdname Color Size

Observer When Where Birdname Color Size
Bill 12/27/06 Palo Alto dove gray medium
Bill 12/27/06 Palo Alto dove white small

Since MA
? satisfies the path connectedness property, vi-

olated by the instances above, noMA
? relation can repre-

sent it. An MA
2 relation can however represent it by ex-

plicitly encoding the mutual inclusion constraint. Since
M2 satisfies 3-tuple exclusion, and an attribute-or in
MA

2 can express an instance not satisfying the property,
MA

2 is more expressive than M2. The fact that Mtuple



12

is more expressive than MA
? follows from Example 9

showing an Mtuple relation not representable in MA
? .

Finally MA
prop is clearly more expressive than all other

models since no other model is complete.
– Incomparability: We must show that for everyM1 and
M2 that are not ancestor/descendant pairs, there exist
sets of possible instances representable by M1 but not
M2 and vice-versa.
We need to show incomparability for each of the
following pairs of models: (MA,M?), (MA,M⊕≡),
(MA,M2), (M⊕≡,MA

? ), (M⊕≡,Mtuple), (MA
? ,M2),

(M2,Mtuple), and (Mtuple,MA
2 ). To establish incom-

parability of a pair, it is sufficient to show a property
satisfied by the first model and not the second, and a
property satisfied by the second model and not the first.
It can be seen from Table 2 that for each of the pairs
listed above except (Mtuple,MA

2 ), in the correspond-
ing two columns there exists a row with a “Y” entry in
the first column and “N” in the second, and a row with
a “N” entry in the first column and “Y” in the second,
thus proving the incomparability of each of these pairs.
For the pair (Mtuple,MA

2 ), path connectedness is satis-
fied by Mtuple and not by MA

2 . Therefore it remains to
show that there exists a set of instances representable
by Mtuple and not by MA

2 . A simple example is an
Mtuple relation containing just one tuple-or with three
tuples not representable by attribute-ors. Representing
this instance with A-tuples would require a 3-clause and
so cannot be done by MA

2 . ¤

Transition Diagram

Now that we have analyzed relative expressiveness in our
space of models, to complete the picture on closure and ex-
pressiveness we consider the problem of determining which
other (more expressive) models can represent results of per-
forming operations on relations in a model, for operations
under which the model is not closed. The following theorem,
proved in the appendix, shows how we transition among
models upon performing these operations.

Theorem 7 Consider Figure 3. In this figure, an arrow from
modelM1 to modelM2 with label Op means that the result
of performing Op on relations in M1 is expressible in M2.
¤

Roughly, the arrows in Figure 3 are obtained by combin-
ing the expressiveness hierarchy in Figure 2 and the closure
properties from Table 1. Intersection, Cross-Product, Join,
and Difference are denoted by standard symbols in Figure 3.
Select(ea) and Select(aa) are denoted by σ1 and σ2 re-
spectively, and α stands for Aggregation. All the “Y” entries
in Table 1 could have been shown as self-arcs in Figure 3

Fig. 3 Closure Transition Diagram

but are omitted for readability. In addition, when there is a
transition from a modelM to the complete modelMA

prop on
a particular operation, then the same transition holds for all
models that are more expressive thanM; these arcs are also
omitted for readability. Finally, for all models except M?,
aggregation and duplicate elimination transition to MA

prop,
and these arcs are not shown either.

In summary, we have shown the relative expressive
power of our space of models by identifying a set of interest-
ing properties that delineate the various models in the space.
We then saw how we transition from a model M to other
(more expressive) models upon performing operations un-
der which M is not closed.

6 Membership Problems

In uncertain databases it is natural to consider member-
ship problems [2,3,25]. We analyze the complexity of these
problems in our models, presenting algorithms and hardness
results. Consider an uncertain relation R whose possible in-
stances are I(R). The problems we are interested in are:

– Instance Membership: Given a relation instance I , de-
termine whether I is an instance of R, i.e., whether
I ∈ I(R).

– Instance Certainty: Given a relation instance I , deter-
mine whether I is the only instance of R, i.e., whether
I(R) = {I}.

– Tuple Membership: Given a tuple identifier t, deter-
mine if there exists some instance I ∈ I(R) such that
t ∈ I .
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– Tuple Certainty: Given a tuple identifier t, determine
if t appears in every instance of I(R), i.e., ∀I ∈ I(R),
t ∈ I .

Unlike most previous work, we are more interested in
identifier-based tuple membership and certainty, rather than
value-based membership and certainty. That is, we want to
know whether the tuple identified by t appears in any/all
instance(s), and not whether any tuple with the same value
appears in any/all instance(s). Identifier-based membership
is motivated by systems that show the representation of un-
certain data to the user. Once an uncertain relation is shown
to the user (in any of the models), the user may “click” on a
tuple and ask for its membership or certainty. For the same
reason, we are more interested in membership of material-
ized relations, rather than membership of query answers.

Next we consider each of the four membership problems
for each of the eight models in our space. The following
theorem shows which of the simpler models permit more
efficient membership testing than more expressive ones.

Theorem 8 (Membership Problems)

– The tuple membership and certainty problems can be
solved in polynomial time for all models in our space
except MA

prop.
– The instance membership problem can be solved in

polynomial time for MA, M?, MA
? , and Mtuple, but

is NP-complete for M⊕≡, M2, MA
2 , and MA

prop.
– The instance certainty problem can be solved in polyno-

mial time for MA, M?, MA
? , Mtuple, and M⊕≡, but

is Co-NP-complete for MA
prop. ¤

Proof The intractability results for all the four problems for
the complete model from [3] can be adapted for MA

prop as
well. We prove the remaining results.

Tuple Membership and Certainty: Tuple membership and
certainty forMA,M?,MA

? , andMtuple can be solved sim-
ply by scanning the list of tuples (or the tuple-ors in the case
of Mtuple), checking if t is a possible tuple, and looking at
“?” labels if any: For each of the models, the answer to mem-
bership of t is “yes” if t is in the list of tuples. The answer to
tuple certainty is “yes” if and only if t appears alone, with no
“?” or other tuples. For M⊕≡, M2, and MA

2 , we can again
look for t, and then solve the 2-SAT problem by either set-
ting the corresponding variable to 1 (for tuple membership)
or 0 (for tuple certainty): Setting t to 1, if the 2-SAT formula
is satisfiable then t appears in some instance, otherwise not.
Setting t to 0, if the 2-SAT formula is satisfiable then t is not
a certain tuple, otherwise it is.

Instance Membership: Instance membership for MA,
M?, MA

? , and Mtuple can be reduced to polynomially-
solvable maximum bipartite matching problems as follows.

We construct a bipartite graph G with vertices in the first
partition A corresponding to the tuples in instance I , and
vertices in the second partition B corresponding to A-tuples
in the MA, M?, MA

? , or Mtuple representation for R.
There is an edge (v1, v2) in G, v1 ∈ A and v2 ∈ B, if
the tuple corresponding to v1 is an instance of the A-tuple
corresponding to v2. Every matching now corresponds to an
instance of R. I is an instance of R if and only if the maxi-
mum bipartite matching has cardinality |I|, i.e., every tuple
of I is matched.

Next we show the instance membership hardness results.
The corresponding completeness results can be seen easily.
First we show that the instance membership problem is NP-
hard for M⊕≡ by a reduction from the subset-sum prob-
lem: given a set of positive integers S = {x1, x2, . . . , xn}
and a positive integer k, determine if the numbers in some
subset of S add up to k. Given an arbitrary instance of the
subset-sum problem, we construct an M⊕≡ relation R with∑

xi tuple identifiers {t11, t21, . . . , tx1
1 , t12, . . . , t

x2
2 , . . . , txn

n },
all corresponding to the same tuple value [1]. We add
equivalence constraints tji ≡ tki for each 1 ≤ i ≤ n, for
each 1 ≤ j < k ≤ xi. Intuitively, for the first group of x1

tuples, either all of them are present or none of them are; and
similarly for each successive group of xi tuples. Hence, the
possible instances of R are relations where the tuple [1]
appears with multiplicity equal to a subset-sum of S. Now
the subset-sum problem reduces to instance membership of
a relation where [1] appears k times.

The instance membership problem is NP-hard for M2

andMA
2 . We show hardness by a reduction from the vertex-

cover problem: given a graph G = (V,E), determine if G

has a vertex cover of size k. Given any arbitrary instance
of the vertex-cover problem, we construct an instance of the
instance membership problem as follows: For every vi ∈
V , we add a tuple ti = [x] to the relation R. For every
eij ∈ E, we add a constraint ti ∨ tj . Now the size of the
smallest instance in R is equal to the size of the minimum
vertex cover in G, and an instance containing the tuple [x]
k times is an instance of R if and only if G has a vertex cover
of size k.

Instance Certainty: Instance certainty for MA, M?, MA
? ,

andMtuple can be solved by checking if there is any “?” en-
try or any A-tuple with more than one instance—if so there
is more than one possible instance. If there is no “?” entry
and all A-tuples have no or-sets, then the relation has just
one certain instance.

In the case of M⊕≡ the instance certainty problem can
be solved in polynomial time by partitioning the tuple iden-
tifiers as follows. Every tuple identifier is treated as a node
in a graph. Every pair of identifiers that is related through
an ≡ according to the constraints is collapsed into a sin-
gle node. Then for every pair of identifiers that is related
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through an ⊕, an edge is created between the correspond-
ing nodes. If the resulting graph contains any cycles with
an odd number of nodes (or self-loops) the formula is un-
satisfiable, and the relation does not have any instances at
all. Otherwise the formula is satisfiable and in fact the tuple
identifiers in each connected component of the graph will
have exactly two satisfying assignments. Take an arbitrary
node in a connected component. All the tuple identifiers ap-
pearing at nodes at an even distance from this node will be
called the “even” identifiers, while all the rest will be called
“odd”. Then the two satisfying assignments are as follows:
either all the even identifiers are set to true and all the odd
identifiers are set to false, or vice-versa. If in any connected
component the two assignments correspond to different sets
of tuple values, then there is no unique instance. Otherwise
the unique instance corresponds to any one of the satisfying
assignments and can be found in polynomial time. ¤

Algorithms or hardness results for the instance certainty
problem for M2 and MA

2 remain open problems and are
a clear avenue for future work.

7 Uniqueness and Equivalence

A natural question that arises in our various models of
uncertainty is whether every set of possible instances is
guaranteed to have a unique representation. Furthermore,
when uniqueness is not guaranteed, we would like to know
whether two given uncertain relations in a model are equiv-
alent, i.e., represent the same set of instances. We study
uniqueness in Section 7.1 and equivalence in Section 7.2.

7.1 Uniqueness

We show in this section that Mtuple and MA
? guarantee

unique representations, which in turn implies that MA and
M? also guarantee unique representations. The remaining
models do not guarantee unique representations.

Definition 9 (Uniqueness) Let R1 = (T1, f1) and R2 =
(T2, f2) be two relations in an uncertainty model M. M is
said to guarantee unique representations if I(R1) = I(R2)
implies T1 = T2 and f1 ≡ f2. ¤

Theorem 9 Every set of possible instances representable in
Mtuple, MA

? , MA, or M? has a unique representation. ¤

The full proof for this theorem is presented in the appendix.
The result is first shown for Mtuple. Given any two distinct
relations R1 and R2 in Mtuple (T1 6= T2), we explicitly
construct an instance of one of the relations that is not an
instance of the other. Thus any two relations in Mtuple that
represent the same set of instances must be identical. We

then show that distinctMA
? relations map to distinctMtuple

relations, thus proving the uniqueness of MA
? . Since MA

and M? are special cases of MA
? , then MA and M? guar-

antee unique representations as well.

Theorem 10 There exist sets of possible instances repre-
sentable in M⊕≡, M2, MA

2 , and MA
prop that do not have

unique representations. ¤

Once again, the full proof is presented in the appendix. We
show that for each of the models, there are representations
R1 = (T1, f1) and R2 = (T2, f2) such that I(R1) = I(R2)
and T1 6= T2 or f1 6≡ f2. We analyze the two possible
sources of non-uniqueness: differences in tuple sets of rela-
tions that represent the same set of instances, and differences
in constraints. In particular, we consider the following two
questions:

Q1: Can two relations under a model have different sets of
A-tuples but the same set of instances?

Q2: Consider two relations under a model having the same
sets of A-tuples. Can these relations have non-equivalent
constraints over the A-tuples, yet the same set of in-
stances?

We show that for each of the models, the answer to at least
one of the questions is “yes”. Hence none of the models
guarantee unique representations.

Our uniqueness results divide our hierarchy into two
pieces as shown in Figure 4: The models to the left of the
divide all guarantee unique representations, while models to
the right of the divide do not. In most of the remainder of
the paper, instead of considering all eight of our models, we
have selected two models from each side to focus on: MA

?

and Mtuple from the left of the divide, and M2 and MA
prop

from the right.

7.2 Equivalence

The next natural problem to consider is testing whether two
relations in a model are equivalent.

Definition 10 (Equivalence) Two relations R1 = (T1, f1)
and R2 = (T2, f2) in an uncertainty model M are equiva-
lent if they represent the same set of possible instances, i.e.,
I(R1) = I(R2). ¤

All models to the left of the divide in Figure 4 guarantee
unique representations for any set of possible instances, so
we need not consider the problem of equivalence testing
for them. Thus we focus on our two representative models
from the right: M2 and MA

prop. The following three theo-
rems show our equivalence results: the first theorem gives a
PTIME result and the next two two theorems give hardness
results, for which matching upper bounds can be obtained
easily.



15

Fig. 4 Division of our Space of Models.

Theorem 11 The equivalence of two relations in M2 can
be tested in polynomial time if duplicate tuples are not al-
lowed in the representation. ¤

Theorem 12 If duplicate tuples are allowed in the represen-
tation, equivalence testing of two relations in M2 is NP-
hard. ¤

Theorem 13 Equivalence testing of two relations inMA
prop

is Co-NP-hard (with or without duplicates in the representa-
tion). ¤

Proof of Theorem 11: We first present an equivalence test-
ing algorithm for M2, then show its correctness and poly-
nomial time complexity.

Algorithm: Given two M2 relations R1 = (T1, f1) and
R2 = (T2, f2), we test equivalence as follows.

1. Construct T ′i from Ti by eliminating all t ∈ Ti such that
setting t to true makes fi unsatisfiable.

2. If T ′1 6= T ′2 return “not equivalent”.
3. Construct f ′i from fi by setting all variables in Ti − T ′i

to false.
4. If f ′1 6≡ f ′2 return “not equivalent”.
5. Return “equivalent”.

Informally, the algorithm eliminates tuples that are not
present in any of the possible instances of the uncertain re-
lations and modifies the formulas accordingly. If either the
resulting tuple sets are not the same or the formulas are not
equivalent at the end of this process, the relations are not
equivalent. Otherwise, they are equivalent.

Correctness: For i = 1, 2, the algorithm first modifies Ti

to retain only those tuples that are set to true in at least one
satisfying assignment of fi, thus obtaining minimal T ′i and
the corresponding f ′i such that I(T ′i , f

′
i) = I(Ti, fi). At this

point, if T ′1 6= T ′2, then R′1 6= R′2: There is some t ∈ T1,
t 6∈ T2 (or vice-versa) such that setting t to true keeps f1

satisfiable, and hence there exists an instance of R1 with t

that is not in R2. If however T ′1 = T ′2, the problem reduces
to testing for the equivalence of f ′1 and f ′2. If the formulas
are equivalent, so are R1 and R2. If the formulas are not
equivalent, we use a result from the proof of Theorem 10:
two duplicate-free M2 relations with the same set of tuples
but non-equivalent formulas cannot represent the same set
of instances.

Complexity: Each step of the algorithm can be run in poly-
nomial time: Since testing for satisfiability of 2-CNF is poly-
nomial [33], we can successively set each tuple in Ti to true
and test for satisfiability to obtain T ′i (Step 1). Clearly Steps
2 and 3 of the algorithm are polynomial. Finally, since test-
ing the equivalence of 2-CNF formulas can be done in poly-
nomial time, Step 4 is also polynomial. ¤

Proof of Theorem 12: We prove that testing equivalence of
two relations in M2 when the relations may contain dupli-
cates is NP-hard via a reduction from the NP-hard minimum
vertex cover problem [33]: Given a graph, G = (V,E), de-
termine if the size of the minimum vertex cover in G is k. We
reduce the vertex-cover problem to that of testing equiva-
lence inM2 as follows. Given G, we construct a relation R1

in M2 by creating a tuple ti = [x] for each vertex vi ∈ V .
For each edge eij ∈ E, we add a constraint to the formula of
the form (ti∨ tj), effectively encoding the condition that for
every edge, at least one vertex is in the cover. Therefore, the
size of the smallest instance in R1 is equal to the size of the
minimum vertex cover in G. We construct another relation
R2 in M2 with |V | tuples t1 = t2 = . . . = t|V | = [x] and
formula f2 = t1∧ t2∧ . . .∧ tk. Therefore, G contains a ver-
tex cover of size k if and only if R1 and R2 are equivalent.
¤

Proof of Theorem 13: For MA
prop, we show that equiva-

lence testing is Co-NP-hard via a reduction from SAT [33].
Given a SAT formula σ, we construct an MA

prop instance
R with a distinct tuple for every variable and σ as the for-
mula over the tuples. Now σ is satisfiable if and only if R

is not equivalent to an MA
prop relation with an empty set of

A-tuples. ¤

8 Minimization of MA
prop

As seen in Section 7, MA
prop and M2 do not guarantee

unique representations for sets of possible instances. In this
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section we consider the problem of finding a “minimal” rep-
resentation for a set of possible instances. We present results
for MA

prop only, since all of them apply to M2 as well.
Two equivalent MA

prop representations may in fact have
arbitrarily different sizes. As an extreme example, consider
the empty set of possible instances. This database can be
represented in MA

prop by a large unsatisfiable formula over
many tuples, or by an empty set of tuples and an empty for-
mula. Recall that an MA

prop relation consists of A-tuples T

and a boolean formula f(T ). We define minimality in terms
of the combination of the sizes of T and f .

Example 11 Consider the possible instances:

Observer When Where Birdname
Amy 12/23/06 Stanford Crow

Observer When Where Birdname
Amy 12/23/06 Stanford Raven

One MA
prop representation is to encode the mutual exclu-

sion using a constraint:

t1
t2

Observer When Where Birdname
Amy 12/23/06 Stanford Crow
Amy 12/23/06 Stanford Raven

f(T ) = (t1 ⊕ t2)

The constraint would require two clauses in CNF form (i.e.,
f(T ) = (t1 ∨ t2) ∧ (¬t1 ∨ ¬t2)). However, the minimal
representation is to have one A-tuple with an attribute-or and
constraint with one clause (i.e., f = t1):

t1

Observer When Where Birdname
Amy 12/23/06 Stanford {Crow, Raven} ¤

In anMA
prop relation (T, f), let |T | denote the number of A-

tuples, and let size(f) denote the size of the formula mea-
sured as the number of clauses in the minimal CNF form.
(Our results also hold if size(f) denotes the number of lit-
erals.) Also, we write R1 ≡ R2 if R1 and R2 represent the
same set of instances.

Definition 11 (Minimal MA
prop) An MA

prop relation R =
(T, f) is minimal if there does not exist another MA

prop re-
lation R′ = (T ′, f ′) with R ≡ R′ and (|T ′| + size(f ′)) <

(|T |+ size(f)). ¤

In terms of f , there exist practical techniques for minimiza-
tion of propositional formulas (e.g., [41,52,47]), but in the
worst case minimizing arbitrary formulas (in terms of num-
ber of literals or minimal CNF form) is NP-hard [33]. More-
over, we need to simultaneously minimize the sum of sizes
of T and f : minimizing f for a given T need not give a
minimal MA

prop representation.
At first glance it may seem that minimizing requires a

search over all possible sizes of T and f , and not just a
search for the minimal |T | or minimal size(f). However, we

will give an interesting result showing that for any MA
prop

relation, by minimizing |T | we also minimize size(f). This
result also holds for any of our models with a restricted set
of propositional constraints, for example M2. We subse-
quently show how this result can be used to maintain mini-
mality while performing certain operations in MA

prop.
Section 8.1 presents our main result on minimization for

MA
prop relations without duplicates and Section 8.2 briefly

considers maintaining incremental minimality. Considering
other definitions of minimalMA

prop representations (such as
minimizing the “number of ORs” in A-tuples, or looking at
other combinations of |T | and f ) as well asMA

prop relations
with duplicates are interesting directions of future work.

8.1 Tuple-Minimality versus Constraint-Minimality

The following result applies to MA
prop relations without du-

plicates, i.e., no two A-tuples can have the same possible
tuple as an instance.

Theorem 14 (Tuple vs. Constraint Minimality) Given
MA

prop relation R1 = (T1, f1), if there exists R2 =
(T2, f2), R2 ≡ R1 and |T2| < |T1|, then there exists an
equivalent MA

prop relation R = (T, f) with |T | < |T1| and
size(f) ≤ size(f1). In other words, minimizing the num-
ber of A-tuples required to represent any set of possible in-
stances also minimizes the size of the minimal constraint.
¤

Recall that size(f) denotes the size in the minimal repre-
sentation of f . The theorem is proved in the appendix. We
show that any MA

prop relation that uses more than the min-
imum required number of A-tuples can be converted to an
equivalent MA

prop relation over the minimum number of A-
tuples without an increase in the size of the formula required
to maintain equivalence. The translation is done through a
series of atomic operations that we call “splits” and “com-
bines”. We give bounds on the number of clauses these oper-
ations add or remove from the formula based on the A-tuples
that are split or combined. We then use a counting argument
to show that the translation cannot increase the size of the
formula.

Suppose R1 = (T1, f1) and R2 = (T2, f2) are two
MA

prop relations that represent the same set of possible in-
stances. The theorem says that if R1 has a minimal T then
it also has minimal f1. However, it does not imply that if
|T1| < |T2|, then f1 can be made smaller than f2. In other
words, if neither R1 nor R2 contains a minimal set of A-
tuples, then we cannot infer the relative sizes of size(f1)
and size(f2) from |T1| and |T2|. The following counterex-
ample refutes the possibility that fewer A-tuples always im-
plies fewer constraints:
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Example 12 We illustrate MA
prop relations R1 ≡ R2 with

|T1| < |T2| and in the minimal form size(f1) > size(f2).
Let T1, T2, f1, and f2 be:

t1
t2
t3
t4
l1
...

lm

T1

{a,b}
{c,d}

p
q

...

t1
t2
t3
t4
t5
l1
...

lm

T2

a
b
c
d

{p,q}

...

f1 = t1 ∧ t2 ∧ (¬t3 ∨ ¬t4) ∧ (t3 ⇒ li) ∧ (t4 ⇒ li), for all i
f2 = (t1 ⊕ t2) ∧ (t3 ⊕ t4) ∧ (t5 ⇒ li), for all i

l1, . . . , lm can be any set of distinct tuples. The constraints
state that the presence of either p or q implies the presence of
all of l1, . . . , lm, in addition to other constraints on the t A-
tuples. Choosing a sufficiently large m, we get size(f1) >

size(f2), and R1 ≡ R2 but |T1| < |T2|. ¤

Our result coupling minimality of A-tuples and constraints
unfortunately does not hold when duplicate A-tuples occur
in the representation.

Lemma 1 Theorem 14 does not hold for MA
prop relations

with duplicates in the representation. ¤

Proof Consider MA
prop relation R where T = {t1:[a],

t2:[a], t3:[a], t4:[x], t5:[y], t6:[z]} and f = (t1 ⇒ t4) ∧
(t2 ⇒ t5) ∧ (t3 ⇒ t6) ∧ (¬t4 ∨ ¬t5 ∨ ¬t6). Intuitively,
the presence of one (or two) a tuples in an instance implies
the presence of at least one (or two respectively) x, y, or z

tuples. Since there is a constraint that not all three of x, y,
and z can appear in the same instance, no instance can have
three a’s. Therefore, there is an equivalent MA

prop relation
R′ with T ′ = {s1:[a], s2:[a], s3:[x], s4:[y], s5:[z]} but f ′

requires more than 4 clauses. Therefore, we have R ≡ R′,
|T | > |T ′|, and size(f) < size(f ′), yet there is no other
MA

prop representation for the same set of instances with the
number of A-tuples and size of constraints being smaller
than T and f respectively. ¤

8.2 Incremental Minimality

It can easily be shown that minimizing an arbitrary MA
prop

relation is intractable in general. (The proof reduces an in-
stance of the SAT problem to minimization of an MA

prop

relation, with variables of the SAT instance mapped to dis-
tinct tuples. The SAT instance is unsatisfiable iff the minimal
MA

prop relation has an empty set of tuples and f ≡ false.
Therefore, if we can minimize an arbitrary MA

prop relation,
we can test the satisfiability of an arbitrary SAT instance.)

However, we can still make use of the result of Theorem 14:
If we perform an operation on minimal MA

prop relations,
then minimizing the number of A-tuples in the result also
minimizes the size of constraints. In general, even maintain-
ing a minimal number of A-tuples while performing oper-
ations is a hard problem, but for some operations we have
efficient algorithms. The following results are proven in the
appendix.

Theorem 15 (Incremental Minimality of MA
prop) Given

MA
prop relations with minimal number of A-tuples, there

exist polynomial time algorithms to compute their union or
cross-product so that the resulting MA

prop relation is mini-
mal with respect to the number of A-tuples. ¤

Proposition 1 Given MA
prop relations with minimal num-

ber of A-tuples, the most natural algorithms (operating in a
“A-tupleby A-tuple fashion”) to perform selection, projec-
tion, or natural join on them may fail to maintain incremen-
tal minimality. ¤

Theorem 16 Given an MA
prop relation with minimal num-

ber of A-tuples, maintaining minimal number of A-tuples
after performing a selection is NP-hard. ¤

A more detailed study of maintaining incremental minimal-
ity while performing operations is an interesting direction
for future work.

9 Approximate Representations

Lastly, we study the problem of approximate representa-
tions. Approximating an uncertain relation is required when
we use a model that is not expressive enough for a partic-
ular set of instances. For example, users may prefer a sim-
pler representation than MA

prop—one that does not include
full propositional formulas—and are willing to compromise
with a not fully accurate representation of the possible in-
stances. (After all, we are operating on uncertainty to begin
with!)

Example 13 Consider the following three possible instances
of a relation R:

Observer When Where Birdname
Amy 12/23/06 Stanford Crow

Observer When Where Birdname
Amy 12/23/06 Stanford Raven

Observer When Where Birdname
Amy 12/23/06 Stanford Crow
Amy 12/23/06 Stanford Raven



18

Suppose we would like to represent this uncertain relation
inMtuple. There is no exact representation of R inMtuple,
but the following may be an acceptable approximation: It
has all the instances of R and also the empty relation as an
additional instance:

t1
t2

(Observer, When, Where, Birdname)
(Amy, 12/23/06, Stanford, Crow)
(Amy, 12/23/06, Stanford, Raven)

?
?

¤

In this section we consider three classes of problems:

1. Determining whether a set of possible instances P can
be represented exactly in a model M (Section 9.1).

2. Approximating a set of possible instances P in an insuf-
ficiently expressive model M (Section 9.2).

3. Approximating an uncertain relation represented in
modelM1 in a less expressive modelM2 (Section 9.3).

Note that although Sections 9.1 and 9.2 consider explicit
representation of possible instances, we do not advocate us-
ing sets of possible instances as a model for representing
uncertain data. The goal of this section is to explore whether
a model in our space can represent a set of possible instances
exactly/approximately. Thereafter, all computation (query
evaluation and other studied properties) are performed over
the model and not the original set of possible instances.

9.1 Does a Model M Suffice?

We seek to answer the following question: Given a set P

of possible instances for a relation, can P be represented
in a model M? To study this problem we consider models
Mtuple and MA

? . We first answer the question for Mtuple,
and then extend our result to MA

? .

Theorem 17 Let P be a set of possible instances. Algo-
rithm 1, Mtuple-REP, outlines a polynomial (in the size of
P ) algorithm that returns an exact representation of P in
Mtuple whenever one exists. ¤

More details of the algorithm, and the proof of the theorem,
appear in the appendix. Intuitively, the algorithm looks at
co-occurrences of tuples in the possible instances and from
them attempts to construct an Mtuple relation. If at any
point a tuple cannot be added to the Mtuple relation be-
ing constructed, then no Mtuple representation is possible
and the algorithm exits. If all tuples are added successfully,
then the result is an Mtuple representation of P if it cor-
rectly represents the possible instances. If not, there is no
representation.

Theorem 18 Algorithm Mtuple-REP for finding exact
Mtuple representations can be extended to return MA

? rep-
resentations whenever they exist. ¤

1: Input: Set of Possible Instances P
Output: Mtuple representation R for P , if one exists.

2: Pad every instance in P with zero or more special tuples “*” so
the number of tuples in each instance is equal to the maximum
cardinality of any instance in P .

3: Consider distinct tuples in P , in any order, say t1, . . . , tm. Let the
maximum multiplicity of ti in any instance in P be mi.

4: Consider t1. Add m1 tuple-ors to R, each containing t1.
5: Look at the maximum number n of instances of t1 that co-occur

with m2 instances of t2, in some instance of P . If there is an
Mtuple representation, then there are m1 − n tuple-ors to which
t2 can be added. Additionally, create m2 −m1 + n new tuple-ors
to accommodate the remaining t2’s.

6: Continuing, for each ti look at the maximum number of instances
of t1 through ti−1 that co-occur with mi instances of ti in some
instance of P and determine the pre-existing tuple-ors to which ti
must be added, as well as the new tuple-ors that must be created. If
ti cannot be successfully added in this manner, then exit returning
“no Mtuple representation.”

7: Remove “*” from all tuple-ors in R containing it, and annotate
these tuple-ors with ‘?’.

8: Check to see if the possible instances of R exactly match the input
P . If yes, return R, otherwise return “no Mtuple representation”.

Algorithm 1: Mtuple-REP Algorithm

Proof If there is no Mtuple representation, clearly there is
no MA

? representation either. If there is an Mtuple repre-
sentation R, we check if each tuple-or in R can be repre-
sented using attribute-ors. If we can convert all tuple-ors to
attribute-ors, we have our MA

? representation. If there are
tuple-ors in R that cannot be converted to attribute-ors, there
exists no MA

? representation. This result follows from the
uniqueness of Mtuple (Theorem 9): If there is an MA

? rep-
resentation not obtained by conversion of tuple-ors in R to
attribute-ors, it can be mapped to a different Mtuple repre-
sentation R′, violating uniqueness. ¤

9.2 Approximating a Set of Possible Instances

Now that we have seen how to find exact representations
in Mtuple, let us consider approximating a set of possible
instances in Mtuple when no exact representation exists.
Note that approximating in Mtuple is usually easier than in
MA

? , since Mtuple is more expressive than MA
? . In the re-

mainder of this subsection we consider only approximation
in Mtuple; extension of the results to MA

? is left as future
work.

Consider a set of instances P and an Mtuple relation R

with instances I(R). A “best” approximation R of P could
be defined in several ways:

– Closest-Set: R such that I(R) is “as close to” P as pos-
sible

– Maximal-Subset: maximal R such that I(R) ⊆ P

– Minimal-Superset: minimal R such that I(R) ⊇ P

For the closest-set definition we consider the Jaccard mea-
sure of similarity between two sets S1 and S2, given by
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|S1∩S2|
|S1∪S2| . Under this measure of similarity, we shortly state
a result showing that even the best approximations can be
very bad.

For the maximal-subset and minimal-superset defini-
tions, we use |R|, the number of A-tuples, as our metric
for maximality/minimality of R. We restrict ourselves to R

where for each t, the number of A-tuples in R containing t

is equal to the maximum multiplicity of t in any possible in-
stance of P . We impose this condition to restrict the “width”
(i.e., number of possibilities) in each tuple-or of R. (Without
this condition, a trivial best minimal-superset approximation
is obtained by including n tuple-ors, each having all possi-
ble tuples in R, where n is the maximum cardinality of any
instance in P . Such a representation is likely to have many
spurious instances, but |R| is small.)

Lemma 2 There exists set of instances P for which there is
no constant-factor closest-set Mtuple-approximation R un-
der the Jaccard measure of similarity between P and I(R).
¤

The proof appears in the appendix. Here we give the intu-
ition. Consider n instances {P1, P2, . . . , Pn} for a relation
with two attributes. Let the ith instance have two tuples,
[i, 1] and [i, 2]. This set of instances does not admit any
constant-factor approximation R in Mtuple: If I(R) con-
tains all n of the possible instances, then R would need to
have O(n2) instances in total.

Given the negative result under the closest set definition
and to preserve the possible instances, in the following, we
use the minimal superset definition.

Example 14 Recall the approximation in Example 13. It
contains all instances of the desired uncertain relation (and
one additional instance, the empty instance). Clearly any
MA

? or Mtuple approximation with fewer than two tuples
cannot contain all instances of the uncertain relation. Thus
the given representation is a best minimal-superset approxi-
mation. ¤

Lemma 3 There always exists some R in Mtuple such that
I(R) ⊇ P . ¤

Proof R is constructed by including in R a tuple-or s for
every tuple t appearing in some instance of P , with multi-
plicity equal to the maximum number of times it appears in
any possible instance. Annotating each tuple-or with ‘?’, we
get I(R) ⊇ P . ¤

Of course the construction from the proof above may give
a poor approximation, with |R| being larger than the mini-
mum possible.

Lemma 4 The best approximation R for a set of instances
P is not unique. ¤

Proof Consider P having a single instance. The correspond-
ing deterministic relation R is a best approximation. How-
ever, annotating each tuple with ‘?’ is also a best approxi-
mation. ¤

We have the following result for finding best approxima-
tions, according to the minimal superset definition.

Theorem 19 (Best Mtuple Approximation for P )

1. Finding a bestMtuple approximation for an arbitrary set
of possible instances P is NP-hard.

2. Mtuple approximation can be reduced to the minimum
graph coloring problem, which admits a 5/7-differential
approximation. ¤

The proof of hardness, presented in the appendix, is shown
by a reduction from the NP-hard minimum graph coloring
problem. In the appendix we then show the inverse reduction
to the graph coloring problem.

9.3 Approximating One Model in Another

We next consider the problem of directly approximating
MA

prop relations in Mtuple and in M2. Given the negative
result (Lemma 2) for the closest-set definition of approxima-
tion, let us continue with the minimal-superset definition.

Approximating in Mtuple

Given an MA
prop relation R, we seek a minimal Mtuple re-

lation S such that I(S) ⊇ I(R). We can obtain an Mtuple

relation S by eliminating the constraints f in R, expanding
out the attribute-ors to form tuple-ors, and adding “?”s to
each of them. Since all satisfying assignments of f still cor-
respond to instances in S, S is a superset, i.e., I(S) ⊇ I(R).
However, S may contain many spurious instances that are
not in I(R). As a simple example, consider R having n dis-
tinct A-tuples {t1, . . . , tn}, each with two tuple instances,
and the constraint f = (t1 ∧¬t2 ∧ . . .∧¬tn). R has exactly
two possible instances, but the approximation S obtained as
described above contains 2n instances.

The following lemma shows that finding the best
(closest-set or maximal-subset or minimal-superset)Mtuple

approximation is a hard problem.

Lemma 5 Finding the bestMtuple representation for an ar-
bitrary MA

prop relation is NP-hard. ¤

Proof We show a simple reduction from SAT. Given an in-
stance f of SAT, we construct an MA

prop relation R with
the set of tuples being the set of variables in f , and the
constraints in R being f itself. We now wish to find the
best Mtuple approximation of R. Since R has at least one



20

possible instance if and only f is satisfiable, f is unsat-
isfiable if and only if the best approximation of R is the
empty Mtuple instance (i.e., no tuple-ors). Therefore, we
have a polynomial-time reduction of SAT to finding the best
Mtuple approximation of an MA

prop relation. ¤

For this NP-hard problem, we can apply Theorem 19: We
convert theMA

prop relation to a set of possible instances (in a
potentially exponential process) and then using Theorem 19
we obtain a 5/7-differentially approximate Mtuple relation
S.

Approximating in M2

Finally we look briefly at the problem of approximating
MA

prop relations in M2. Consider an MA
prop relation R.

First we transform the A-tuples with attribute-ors in R into
ordinary tuples and constraints over them, as follows: For
every A-tuple t in R, perform the cross-product of the
attribute-ors to obtain regular tuples {t1, t2, . . . , tn}. Then,
to the set of constraints f , we do the following:

1. Add constraints ¬ti ∨ ¬tj for every 1 ≤ i < j ≤ n

2. Replace every occurrence of t with t1 ∨ t2 ∨ . . . ∨ tn
3. For every clause C containing ¬t, replace C with the

set of n clauses {C1, . . . , Cn}, where Ci is obtained by
replacing ¬t with ¬ti

We then have an equivalentMA
prop relation R′ but with only

ordinary tuples. We are now interested in approximating the
general propositional formula in R′ into a 2-CNF formula.
Although in general finding best approximations for propo-
sitional theories into tractable classes is known to be a hard
problem, approximation techniques have been proposed in
the past. Specifically, [42] describes techniques for finding
2-CNF lower and upper bounds f1 and f2 for a general
propositional formula f , i.e., the satisfying assignments of
f1 (f2 respectively) are a subset (superset respectively) of
the satisfying assignments of f . These techniques try to min-
imize the number of differing satisfying assignments (which
correspond to possible instances in our case), and not the
number of variables (which would correspond to the number
of tuples). The algorithms in [42] proceed in an online fash-
ion, progressively giving better approximations until finding
the best. We can employ these techniques to approximate
the set of constraints f in R′, and thus obtain subset and
superset approximate M2 relations R1 and R2 of R, i.e.,
I(R1) ⊆ I(R) and I(R2) ⊇ I(R).

10 Related Work

The study of uncertain databases has a long history, dat-
ing back to a series of initial papers from the early 1980’s,
e.g., [2,11,15,38,58], and a great deal of follow-on work,

e.g., [10,12,16,23,30,37,38,43,44,46,48,56]. Much of this
previous work lays theoretical foundations and considers
query answering, e.g., [2,3,35,58]. Systems based around
uncertain data are discussed in [6,13,19,40,43,60,59].

In this paper, we introduced a space of uncertain-data
models based on tuple-level uncertainty constructs and
tuple-existence constraints. We then studied the problems
of closure and relative expressive power, completeness,
uniqueness, equivalence, minimization, and approximation.
There have been few papers addressing some of these prob-
lems in isolation for specific data models, which we describe
next. However, we are not aware of any previous work that
attempts to understand a space of models (or even a single
model for that matter) by studying all of the above problems,
which is the goal of this paper.

Closure and Expressiveness: Most previous work has fo-
cused on complete models, and does not explore different in-
complete models in terms of relative expressiveness and clo-
sure properties, one of the contributions of our paper. Sev-
eral incomplete data models (such as v-tables, Codd tables,
i-tables) studied along with c-tables [3,38] can be thought of
as comprising a “space of models.” However, these models
were studied primarily in isolation and past work does not
relate them in terms of closure and expressiveness.

Recently, [37] studied closure and completeness of in-
complete models in detail, and independently obtained a
generalization of our Theorem 4 that connects closure to
completeness. Interestingly, their notion of “algebraic com-
pletion” makes incomplete models become complete by tak-
ing their closure under a minimal set of operations, which is
in the same spirit as the transition diagram of Section 5.

Equivalence, Minimization, and Approximation: In gen-
eral, most complete models are easily seen to be non-unique,
hence, equivalence testing, minimization, and approxima-
tion are the most interesting problems for complete models.
Reference [3] studies the complexity of containment check-
ing for c-tables, i.e., determining whether the set of possible
worlds represented by one uncertain relation is contained in
that of another. The problem of equivalence testing can be
solved using containment. However, minimization and ap-
proximation are not discussed in [3].

Reference [7] studies the problem of finding maximal
decompositions of an uncertain relation represented as a
“world-set decomposition” (called the gWSD data model).
Maximal decompositions in their setting can be thought as
minimizing the representation. The paper gives a PTIME
maximal decomposition algorithm. In contrast, we show
that when uncertain relations are represented using arbitrary
propositional constraints, minimization is intractable. Then,
we show that reducing the number of tuples also reduces
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the size of the minimal constraint, and we study incremental
minimality, which are not considered in [7].

Reference [53] studies a limited form of approxima-
tion in uncertain databases. They present a new data model,
called BID tables, and address the problem of approximat-
ing uncertain relations as BID tables. They show that deter-
mining whether BID tables are sufficiently expressive for a
given uncertain relation is intractable. The paper also pro-
poses a partial BID representation to further approximate a
set of possible worlds, and studies when a partial BID view
represents a unique probability distribution. In this paper we
consider the problem of approximation in more generality
and depth: We consider the problem of approximating un-
certain relations (represented as a set of possible instances
or in any data model) into a less expressive data model.
We define the notion of a best approximation and address
the problem of finding a best approximation. Since in gen-
eral finding the best approximation is intractable, we give
PTIME algorithms to approximate the best approximation.

Trio: The problems addressed in this paper arose in the
context of the Trio project at Stanford, whose objective is
to develop a system that fully integrates data, uncertainty,
and lineage [60]. The enumeration of the space of mod-
els, their expressiveness hierarchy, and related membership
problems were studied in an initial Trio paper on models
for uncertainty [25]. Although the approximation problem
was suggested in [25], it was not solved, and the other
problems we consider here—uniqueness, equivalence, and
minimization—were not discussed at all. Note that the ma-
terial on uniqueness, equivalence, and minimization first ap-
peared as a technical report [26], but is unpublished.

Other Work: Like uncertain databases, the related area of
probabilistic databases has been experiencing revived inter-
est, especially in query answering [22–24]. Work in prob-
abilistic databases also has not, to the best of our knowl-
edge, considered the problems we address in this paper. The
models we consider in this paper do not allow for probabil-
ity distributions; revisiting and extending our results to the
probabilistic case is an important direction of future work.

Another related area is inconsistent databases, e.g., [4,
8,9,14,20,28,36,61], in which the possible “minimal re-
pairs” [9,17,61] to an inconsistent database result in a set
of possible instances (i.e., an uncertain database). Reason-
ing with uncertainty in the Artificial Intelligence context is
also related, e.g., [29,50,54]. Again, our work in this paper
focuses on a specific set of problems associated with mod-
els for representing uncertainty, and we have not seen these
problems addressed in the related areas.

Approximate query answering, and obtaining ranked re-
sults to imprecisely defined queries, is also an active area of
research, e.g., [5,30,32,57]. This body of work differs from

ours in that we look at modeling uncertainty and querying it
exactly, as opposed to modeling exact data and querying it
approximately.

11 Conclusions and Future Work

This paper addressed a number of problems that arise in the
representation of uncertain data. We defined a space of mod-
els obtained by combining basic constructs and studied in
detail their closure and completeness properties and relative
expressiveness. We also gave a result connecting closure and
completeness for a broad class of models. For a representa-
tive set of four models in this space, we further explored
the problems of uniqueness, equivalence, minimization, and
approximation, obtaining complexity results and providing
algorithms for tractable cases.

The results in this paper suggest a number of areas for
future work:

– As mentioned in Section 10, the area of probabilistic
databases is of great interest. Uncertain databases can be
extended to include probabilities [10,13,18,32,43], so
extending the definitions and results in this paper poses
a set of interesting open problems.

– We considered the problem of maintaining minimality
incrementally for only certain models and operations
(Section 8). The problem remains open for other oper-
ations and models, as well as for representations with
duplicates.

– For the problem of approximating an uncertain rela-
tion in an incomplete model, we considered primarily
Mtuple (Section 9). We have not yet considered approxi-
mations inMA

? in any detail, nor other incomplete mod-
els in our space. Similarly, we have not considered, for
all combinations of models, the problem of directly con-
verting uncertain relations in a more expressive model
into approximations in weaker ones.

– We have not addressed the case of representing correla-
tions across uncertain relations. Extending our work to
arbitrary correlations is an important direction of further
work.
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A Closure and Expressiveness Proofs

Theorem 1: The closure properties of our models are spec-
ified in Table 1. If “Y” appears in the row for operation Op

and column for modelM, thenM is closed under the oper-
ation Op, otherwise it is not. ¤

Proof We prove the closure properties of our models under
each of the operations. Table 3 shows the closure properties
of each of the models; we have excluded the complete model
MA

prop and expanded out the last column from Table 1 as
different examples are required to show non-closure for the
different models.

An entry of “N” signifying non-closure is shown by
the corresponding counter-example number as follows. For
proofs of some of the cases we shall use the properties from
Table 2 (Section 5).

1. We first show non-closure of duplicate elimination for
MA, MA

? , Mtuple, and M⊕≡, and then for MA
2 .

MA, MA
? , Mtuple, M⊕≡: Consider the following re-

lation R with two A-tuples in any of the models:
R: [{a,b}], [{a,c}]
In case of MA and MA

? R has two A-tuples, in case of
Mtuple two tuple-ors, and in case of M⊕≡ R is repre-
sented using mutual exclusion. Duplicate elimination in
R produces the following set of possible instances:

I1: [a]
I2: [a],[c]
I3: [a],[b]
I4: [b],[c]

The above set of instances does not satisfy the comple-
mentation property, which is satisfied by all uncertain
relations representable in M⊕≡. Hence the above is not

representable in M⊕≡. Next we show that the set of in-
stances is not representable inMtuple, and sinceMtuple

is more expressive than each of MA, M?, and MA
? ,

the result is also not representable in each of MA, M?,
and MA

? . Suppose that the above result is representable
in Mtuple relation R. Since the only cardinality of in-
stances are 1 and 2, there are two tuple-ors in R one
with a “?” (call it t1) and one without (call it t2). Now
since I1 is the only single tuple instance, t2 is the reg-
ular tuple [a]. This is a contradiction because I4 does
not have the tuple [a].

MA
2 : Consider the following MA

2 relation R with two
A-tuples and no constraints:
R: [{a,b,c}], [{a,b,c}]
Duplicate elimination of R produces the following pos-
sible instances:

I1: [a]
I2: [b]
I3: [c]
I4: [b],[c]
I5: [a],[c]
I6: [a],[b]

To represent the above set of instances, we effectively
need to encode the constraints (¬a ∨ ¬b ∨ ¬c) and (a ∨
b∨c). These constraints cannot be represented using two
clauses because disjoint set of 3-clauses (that cannot be
resolved) cannot be expressed using sets of 2-clauses.
And in the above set of instances, using attribute-ors also
does not help, because adding attribute-ors to any of the
tuples also results in additional instances.

2. Let R1(A) have two tuples—t1:[x] and t2:[z]—and
constraint f = t2. Let R2(A) have two tuples—s1:[y]
and s2:[w]—and constraint g = s2. On taking the
cross-product of R1 and R2, we have the following set
of instances:

I1: [w,z]
I2: [w,x],[w,z]
I3: [y,z],[w,z]
I4: [y,x],[y,z],[w,x],[w,z]

Since the set of instances above do not satisfy the path
connectedness property satisfied by M? and MA

? , it is
not representable in either of M? and MA

? .
3. Consider relations R1(X, Y ) and R2(X, Y ) with the

following possible instances, both of which can be rep-
resented in M2 and MA

2 :

R1:
I1: [a,a],[b,b]
I2: [c,c]
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Closure-Model MA M? MA
? M⊕≡ M2 Mtuple MA

2

Union Y Y Y Y Y Y Y
Select(ee) Y Y Y Y Y Y Y
Select(ea) N10 Y Y Y Y Y Y
Select(aa) N9 Y N9 Y Y Y Y
Intersection N7 Y N7 N8 N3 N13 N3

Cross-Product Y N2 N2 N14 N4 N13 N4

Join N6 N11 N6 N8 N3 N13 N3

Difference N15 Y N15 N15 N15 N15 N15

Projection Y Y Y Y Y Y Y
Duplicate Elimination N1 Y N1 N1 Y N1 N1

Aggregation N5 N12 N5 N5 N5 N5 N5

Table 3 Closure and Expressiveness of Models

R2:
I1: [b,b],[c,c]
I2: [a,a],[c,c]

The intersection or natural join of R1 and R2 produces
the following set of instances:

I1: [a,a]
I2: [b,b]
I3: [c,c]

We know that the above set of instances cannot be rep-
resented using 2-clauses as it is a 3-way xor. Also,
attribute-ors cannot be used, as then additional tuples
would be added to instances. Hence M2 and MA

2 are
not closed under join or intersection.

4. Since a natural join can be performed as a cross-product
followed by a selection, andM2 andMA

2 are closed un-
der selection but not join, they are both not closed under
cross-product.

5. Let R(X, Y ) be:
[{a,b},1]
[{b,c},1]
The result of performing the aggregation “sum Y group
by X” gives the following set of possible instances:

I1: [a,1],[b,1]
I2: [b,1],[c,1]
I3: [a,1],[c,1]
I4: [b,2]

These set of instances is not representable in MA, M?,
MA

? , and Mtuple as it does not satisfy the path con-
nectedness property satisfied by all the models. Further,
since the possible instances also do not satisfy the com-
plement property, it is not representable in M⊕≡.
Now consider a relation R(X, Y ) which has all 7 non-
empty sets of possible instances consisting of tuples
[a,a], [b,b], and [c,c]. On performing the aggre-
gation “select min” gives the instances:

I1: [a,a]
I2: [b,b]
I3: [c,c]

As mentioned in Case 3 above, these are not repre-
sentable in M2 and MA

2 .
6. Let R1(X) have one A-tuple[{a,b}], and R2(X, Y )

have two tuples[a,1] and [a,2]. The natural
join of R1 and R2 gives two possible instances—
{[a,1],[a,2]} and {}—that do not satisfy the
path connectedness property and hence is not repre-
sentable in MA or MA

? .
7. Let R1(X, Y ) have one A-tuple: [{a,b},{a,b}] and

let R2(X, Y ) have two tuples: [a,a] and [b,b].
R1 ∩R2 has the following possible instances clearly not
representable in MA or MA

? :

I1: [a,a]
I2: [b,b]

8. Let R1(X) have tuples [a], [b], and [c], with con-
straint: (b ≡ c) (mutual inclusion) and R2(X) have the
same three tuples [a], [b], and [c], but with con-
straint: (b ⊕ c) (mutual exclusion). The join or inter-
section of R1 and R2 produces the following set of in-
stances:

I1: empty
I2: [a]
I3: [b]
I4: [c]
I5: [a],[b]
I6: [a],[c]

Since this set of instances does not satisfy the comple-
ment property satisfied by M⊕≡, the result is not repre-
sentable in M⊕≡.

9. Let R(X, Y ) have the single A-tuple:
[{a,b},{a,b}]. Performing selection on R with the
predicate (X = Y ) gives exactly one of [a,a] and
[b,b] in the result, which cannot be represented in
MA or MA

? .
10. Let R(A) have one A-tuple:[{a,b}]. Selection from

R with the predicate (A = a) gives a maybe-tuple not
representable in MA.

11. Let R1(A) contain one maybe-tuple: [x]?. Let R2(A)
contain two tuples: [x] and [x]. The natural join of



25

R1 and R2 has two possible instances—I1:empty,
I2:[x],[x]—that do not satisfy the path connected-
ness property and hence are not representable in M?.

12. Let R1(A) contain one maybe-tuple [1]? and one reg-
ular tuple [1]. Performing the “sum” aggregation, we
obtain two possible instances each with one tuple vio-
lating the unique minimum property. Hence the result is
not representable in M?.

13. Let R1(X) have one tuple-or {[a] || [b]} and
R2(X,Y ) have two tuples [a,1] and [a,2]. The join
of R1 and R2 gives possible instances:

I1: empty
I2: [a,1],[a,2]

This set of instances does not satisfy the path connected-
ness property, and hence is not representable in Mtuple.
If we instead do the cross-product, instance I1 becomes
[b,a,1],[b,a,2] and I2 [a,a,1],[a,a,2]
still violating the path connectedness property.
For intersection consider R1(A):
{[a] || [c]}
{[b] || [d]}
and R2(A):
{[a] || [b]}
{[c] || [d]}
The intersection has the set of instances:

I1: empty
I2: [a]
I3: [b]
I4: [c]
I5: [d]
I6: [a],[d]
I7: [b],[c]

The above set of instance is not representable inMtuple

as we need at least two tuple-ors, both maybe-tuples and
two alternatives, which gives at least four instances with
two tuples.

14. Since a join can be performed as a cross-product fol-
lowed by selection and M⊕≡ is closed under selection
but not join, therefore M⊕≡ is also not closed under
cross-product.

15. Since the set intersection of R1 and R2 can be expressed
as R1 − (R1 − R2), any model that is not closed under
set intersection is also not closed under set (and hence
bag) difference.

We now justify the Y entries in the table. Let us first
consider MA. The bag union is obtained by forming the
union of the A-tuples in the input relations. Selection with
both operands being exact is performed by eliminating A-
tuples not satisfying the select condition. Cross-product is
performed by taking every pair of A-tuples from the input
relations and concatenating them. Bag projection is done

by simply projecting out the attributes from each of the A-
tuples.

Let us now consider the M? column. Bag union is per-
formed by just unioning the tuples from the input relations,
retaining the ? annotations on each tuple. Set union can be
done by performing the closed operation of duplicate elim-
ination after this. Duplicate elimination can be performed
by retaining only one copy of each tuple appearing multiple
times. A label of ? is applied if all its copies had the ? label,
and otherwise there is not such label. Since M? is closed
under duplicate elimination, if a bag operation displays clo-
sure, so does the corresponding set operation. Intersection of
two M? relations can be done in a similar way by consid-
ering only the tuples that appear in both the input relations
(with or without ? labels). All kinds of selection are equiva-
lent forM? relations as there are no A-tuples, and these can
be done by eliminating the tuples that do not satisfy the se-
lection predicate. Difference is performed in a way similar to
intersection; look at all the tuples in the first relation and add
multiple copies of them in the result depending on the num-
ber of times this tuple appears in the second relation without
a ? annotation. And by looking at the ? annotations of the
inputs, decide how many of the resulting tuples should be
labeled with ?. Projection is performed by simply projecting
out the attributes from the result.

Let us now look at MA
? . Bag projection and bag union

can be performed easily by projecting out the attributes, or
taking the union of the set of A-tuples with their annota-
tions respectively. Selection with one of the operands be-
ing approximate is performed by applying the predicate to
each A-tuple. The key point is that after application of this
predicate, the result can also be represented as an A-tuple,
possible with the addition of a ? label in case there are in-
stances of the A-tuple that do not satisfy the predicate. Since
selection with one operand being approximate can be done,
selection with both operands being exact also displays clo-
sure.

Let us now look at M⊕≡. Once again, bag projec-
tion and bag union can be performed easily: The union of
the tuple variables is taken (with renaming if required to
avoid same names for variables from different relations), and
the constraints are the conjunction of the input constraints.
Since M⊕≡ does not have A-tuples, the three kinds of se-
lection can be treated equivalently, just assuming that each
tuple in the input either satisfies the selection predicate or
not. We need to show that the result of applying such a predi-
cate and eliminating some tuples can be performed resulting
in another M⊕≡ relation. This is done by eliminating vari-
ables corresponding to removed tuples from the constraints
one by one. To eliminate a variable, first add the transitive
closure of all equivalence constraints and then just drop the
clauses containing the variable to be eliminated.
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We now consider M2. Just like M⊕≡, closure under
bag projection and union can be seen. Closure under selec-
tion is also very similar toM⊕≡. First the tuples that do not
satisfy the selection predicate are identified, and then the
corresponding variables are eliminated using the standard
resolution variable elimination technique. Note that elimi-
nating variables from 2-CNF using resolution keeps the re-
sulting formula also in 2-CNF. Next we show closure under
duplicate elimination, implying closure under set union and
projection as well. For every set of tuples t1, t2, . . . , tm with
the same value, we can consider two tuples at a time. Since
we can merge two tuples, say t1 and t2 eliminating dupli-
cates, we can eliminate all the m possible duplicates one af-
ter the other. Doing this for every value, we get the desired
result.

Let us not look at the column forMtuple. Closure under
bag union and bag projection can again be seen easily. For
selection, we look at each entry (set of tuples) in the input
Mtuple relation and retain the tuples that satisfy the selec-
tion predicate for the result. A ? label is added to the entry
(if not already present) in case there are tuples in the entry
that do not satisfy the selection predicate.

Finally, consider the column for MA
2 . MA

2 is closed un-
der bag projection and bag union because the results are
obtained by applying the projection on each tuple individ-
ually, and taking the union of the A-tuples and conjunction
of the constraints respectively. We now show closure under
selection with both operands possibly being approximate.
For A-tuples with no instance satisfying the selection pred-
icate, the corresponding variables are eliminated as in the
case forM2. For A-tuples with every instance satisfying the
selection predicate, no change is made to the variable. Fi-
nally, we need to look at A-tuples some of whose instances
satisfy the selection predicate, and some do not. Let one
such A-tuplebe denoted by t. The first step is to split this
A-tupleinto its instances satisfying the selection predicate,
and call them say t1, t2, . . . , tn. The next step is to replace
all occurrences of t in the constraints as follows. Drop the
clauses in which t appears positively, and for each clause
where t appears negatively, make n copies and replace ¬t

with ¬ti for 1 ≤ i ≤ n. Lastly, add constraints of the form
¬tj ∨ ¬tk where 1 ≤ j < k ≤ n. ¤

Theorem 7: Recall the expressiveness hierarchy depicted in
Figure 2(b). If there is an arrow from model M1 to model
M2, then M2 is more expressive than M1. If M1 and M2

are not ancestor/descendant pairs, then neither M1 nor M2

is as expressive as the other. ¤

Proof We first give justifications for transitions to a state
other than MA

prop, and then give examples to justify the
other transitions. Performing Select(aa) on either an MA

relation orMA
? relation gives results not expressible inMA

as shown by Example 9 above.Mtuple is however closed on
Select(aa), and so these transition to Mtuple. Select(ea)
on MA raises the need for maybe-tuples, and so transi-
tion toMA

? , which is closed under Select(ea). Aggregation
on M? gives one of several possible values for each group
which can be represented by or-sets, and thus in MA

? .
We now give examples to justify each of the transitions

to MA
prop:

1. Transition from MA to MA
prop on join and intersec-

tion. The natural join and intersection of R1 and R2 are
not expressible in MA

2 , where R1 and R2 are as fol-
lows. R1 has one A-tuple: [{a,b,c},{a,b,c}], and
R2 has three tuples: [a,a], [b,b], and [c,c], giv-
ing three possible instances in the result: I1:[a,a],
I2:[b,b], and I3:[c,c].
Further, the join and intersection cannot be expressed
in Mtuple, from the construction in Example 13 from
the non-closure proofs, and so the only more expressive
model remaining is MA

prop.
2. Transition from MA to MA

prop on difference. Since the
intersection can be expressed by a sequence of differ-
ences and under intersection MA transitions to MA

prop,
even under difference we have the same transition.

3. Transition from M? to MA
prop on cross-product and

join. The set of instances in Example 11 from non-
closure above does not satisfy the path connectedness
property and hence cannot be represented in any ofMA

?

and Mtuple. Also, the join of two M? relations, each
with two maybe-tuples, with the same value on the join-
ing attribute, is not representable in any of M⊕≡, M2,
and MA

2 .
Since a natural join can be rewritten as a cross-product
followed by selection and M? is closed under selection,
the transition for cross-product is also to MA

prop.
4. Transition from M⊕≡ to MA

prop on difference or inter-
section. The difference R2 − R1 is not expressible in
any model in the path to MA

prop, where R1 and R2 are
as follows.
R1 has tuples:
[a] certain (certain tuple obtained by xor-ing with it-
self)
[a] certain
R2 has six tuples: t1:[a], t2:[a], t3:[a], t4:[x],
t5:[y], and t6:[z]. Constraints on R2: t1 ≡ t4 and
t2 ≡ t5 and t3 ≡ t6.

5. Transition from M⊕≡ to MA
prop on intersection. Using

an idea similar to that of the join from Example 3 above,
we construct R1 and R2 as follows so that the intersec-
tion of R1 and R2 is not expressible in any model in
the path to MA

prop. The tuples of R1 and R2 are as fol-
lows. R1 has six tuples: [y], [w], [x], [z], [1], and
[1], where [y] and [w] are certain tuples and one
of the [1] tuples is equivalent to [x] while the other
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is equivalent to [z]. Similarly R2 has six tuples: [x],
[z], [y], [w], [1], and [1], where [x] and [z] are
certain tuples and one of the [1] tuples is equivalent to
[y] while the other is equivalent to [w].

¤

B Uniqueness and Equivalence Testing Proofs

B.1 Proof of Uniqueness of MA
? and Mtuple

Theorem 9: Every set of possible instances representable in
Mtuple, MA

? , MA, or M? has a unique representation. ¤

Proof We consider each of the models separately.

Mtuple: Consider two relations R1 and R2 in Mtuplewith
I(R1) = I(R2). Let {r1, . . . , rm} and {r′1, . . . , r′n} be their
tuple-ors. Note that m = n. This is because, if m were less
than n, there would be some instance in I(R2) with n tu-
ples, while the maximum number of tuples in any instance
of I(R1) is m, leading to a contradiction. Similarly, m can-
not be greater than n.

We now need to show that ∀i, ∃j s.t. ri = r′j . Suppose
this is not true - then we can construct an instance, I, in
I(R1) that is not in I(R2), arriving at a contradiction. Let T1

be the set of all ri for which there is some r′j such that ri =
r′j and let T2 be the remaining tuple-ors in R1. Similarly,
define S1 and S2 over the tuple-ors in R2. Thus T1 = S1

and |T2| = |S2|.
Choose ri ∈ T2 and r′j ∈ S2. Without loss of generality,

assume that there is some tuple t in ri that is not in r′j . Let
x be the number of tuple-ors in R1 containing t. Then for
each of these x tuple-ors, include t in the instance I. There
must be x corresponding tuple-ors in R2 that must be set
to t in order to produce the instance I. (If not, we directly
have an instance of R1 that is not an instance of R2.) Note
that an equal number of tuple-ors from T1 and S1 would be
set to t and so also, an equal number of tuple-ors from T2

and S2. Moreover, if a tuple-or in T1 is set to t, then the
corresponding tuple-or that is equal to it in S1 must also be
set to t.

At the end of this iteration, S2 contains at least one tuple-
or from which no tuple has been chosen (specifically, r′j
does not contain t). So we next look at such an r′j and an-
other tuple-or rk from T2 such that r′j 6= rk and no tuple
from rk has yet been chosen to be included in the instance.
We include some tuple u that occurs in r′j but not in rk (or
vice-versa) in the instance I, and set all other tuple-ors that
contain u in R1 and R2 to u. We carry on in this manner un-
til finally we are left with only one tuple-or in each of T2 and
S2 for which tuples have not yet been chosen. Let v be a tu-
ple that is present in the remaining tuple-or from T2 but not

in the tuple-or from S2. Let there be y tuple-ors remaining
in T1 that contain v. Every tuple-or in T1 that contains v has
a corresponding tuple-or in S1 that contains v. Thus from
here on, it would be possible to construct I ∈ I(R1) that
contains y instances of the tuple v whereas only y−1 tuple-
ors in R2 can be set to v. Thus I ∈ I(R1) and I /∈ I(R2).

This shows that R1 and R2 must have the same set of
tuple-ors. Moreover, the ‘?’ annotations on the tuple-ors
must be the same and to show this we can repeat the above
proof by removing the labels and instead adding ‘?’ to every
labeled tuple-or as a special alternate tuple. If the resulting
instance I contains any ‘?’ tuples then we just discard these
tuples and the resulting instance is the one that can be found
in one relation but not the other.

MA
? : Every MA

? relation can easily be converted to an
equivalent Mtuple relation. Each A-tuple t in the MA

? re-
lation is converted to a tuple-or r in the Mtuple relation
by choosing all possible combinations of attributes from the
attribute-ors in t as alternate tuples for r. A ‘?’ label for
an A-tuple in MA

? becomes a ‘?’ label for the correspond-
ing tuple-or. Under this transformation, two syntactically
different MA

? relations give two distinct Mtuple relations.
Hence by the uniqueness result in Mtuple, MA

? also has a
unique representation for every representable set of possible
instances. ¤

B.2 Proof of Non-Uniqueness of M⊕≡, M2, MA
2 and

MA
prop

Theorem 10: There exist sets of possible instances repre-
sentable in M⊕≡, M2, MA

2 , and MA
prop that do not have

unique representations. ¤

Proof We prove non-uniqueness of the models by showing
that answer to one of the following questions for each of the
schemes is yes:

Q1: Can two relations under a model have different sets of
A-tuples but the same set of instances?

Q2: Consider two relations under a model having the same
sets of A-tuples. Can these relations have non-equivalent
constraints over the A-tuples, yet the same set of in-
stances?

Table 4 below summarizes the answers to the two questions
for M2 and MA

prop. We consider both cases where the re-
lations contain duplicates and where they don’t. The super-
script in the table points to the proof for that entry.

a: Let T1 and T2 be the tuple sets of two relations R1 and
R2 that have the same set of possible instances. We show
that every tuple t that belongs to T1 occurs with the same
multiplicity in T2 and vice-versa. So in order to get a
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Are there duplicates? M⊕≡ M2 MA
2 MA

prop

Q1 No Noa Yesb Yesb Yesb

Q1 Yes Noa Yesb Yesb Yesb

Q2 No Noc Noc Yese Yese

Q2 Yes Yesd Yesd Yesd Yesd

Table 4 Non-Uniqueness Questions

contradiction, let us assume that t occur m times in T1

and n times in T2 and let m be greater than n. Now look
at the instance, I, in I(R1) that contains t the most num-
ber of times. In particular, let t occur r times in this
instance. This means that some instance in I(R2) also
contains r ts. Consider the assignment of 1s or 0s to the
boolean variables corresponding to the tuples in R2 that
produced this instance. Inverting this assignment would
also satisfy the constraints of the relation and would pro-
duce an instance containing n−r ts. So there must be an
instance in I(R1) that also contains n − r ts. Now con-
sider the assignment of 1s and 0s to the boolean variables
corresponding to the tuples in R1 that produced this in-
stance. Once again, inverting this assignment would sat-
isfy the constraints of R1 and would produce an instance
containing m−n+r ts. But m−n+r > r since m > n

and hence I cannot be the instance in I(R1) containing
the most number of ts resulting in a contradiction.

b: Consider two relations R1 = (T1, f1) and R2 =
(T2, f2). Let T1 contain t1 = [a] and t2 = [b] and T2

contain s1 = [a]. Now if f1 = t1 ∧ ¬t2 and f2 = s1,
then I(R1) = I(R2).

c: Consider two relations R1 = (T1, f1) and R2 =
(T2, f2). Let T1 = T2. If f1 6= f2 then there must be
some assignment, σ, of 1s and 0s to the tuples of the re-
lations such that f1(σ) = 1 and f2(σ) = 0 or vice-versa.
Since T1 and T2 do not contain duplicates, the instance
represented by σ in I(R1) cannot be obtained by any
other assignment of truth values to variables in T1 and
hence in T2. Thus I(R1) 6= I(R2).

d: Consider two relations, R1 = (T1, f1) and R2 =
(T2, f2) with T1 = T2 containing the tuples t1 = [a],
t2 = [a], t3 = [a] and t4 = [b]. Let f1 = (t1 ⊕ t2) ∧
(t2 ⊕ t3) ∧ (t3 ⊕ t4) and f2 = (t1 ⊕ t2) ∧ (t3 ⊕ t4). f1

and f2 are not equivalent, but I(R1) = I(R2).
e: Consider tuple sets T1 = T2 with three A-tuples t1 =

[{a, b}], t2 = [{b, c}] and t3 = [{c, a}]. Let f1 = ((t1 ⊕
t2)∧¬t3) and f2 = ((t1⊕t3)∧¬t2). It can then be seen
that I(R1) = I(R2) where R1 = (T1, f1) and R2 =
(T2, f2).

¤

C Minimization Proofs

C.1 Tuple Versus Constraint Minimality

Theorem 14: For MA
prop relations with no duplicates in the

representation, minimizing the number of A-tuples required
to represent a set of possible instances also minimizes the
size of the minimal constraint. ¤

Proof Consider an MA
prop relation R = (T, f) that repre-

sents I(R) using the fewest possible number of A-tuples.
Consider another MA

prop relation R′ = (T ′, f ′) that also
represents I(R) but with |T ′| > |T |. If f and f ′ are min-
imal constraints for T and T ′ respectively, we show that
size(f) ≤ size(f ′).

To show this, starting from R′, we construct an equiva-
lent relation R′′ = (T, f ′′) with size(f ′′) ≤ size(f ′). Since
f is the minimal size of constraints required to represent
I(R) using T , size(f) ≤ size(f ′′) ≤ size(f ′).

To begin with, we first convert every A-tuple in T and
T ′ to a tuple-or and view f and f ′ as constraints over these
tuple-ors. We will here onwards operate in this world of
Mtuple relations with constraints and provide a translation
from the Mtuple representation of R′ to the Mtuple rep-
resentation of R′′. Now note that if T ′ contains no redun-
dant or duplicate tuple-ors, then the tuple-ors in T can be
obtained from T ′ through a series of splits and combines:
a single tuple-or may be split to give two tuple-ors or two
tuple-ors may be combined to give a single tuple-or.

In order to construct f ′′, we view the translation of T ′ to
T as follows: all necessary splits of tuple-ors in T ′ are first
performed, and then the resulting tuple-ors are combined to
obtain T . Since T has fewer tuple-ors than T ′, the number
of combines will be more than the number of splits. Further,
every split of a tuple-or necessarily gives rise to a combine
(otherwise T cannot be minimal). Each time either a split or
combine is performed, we modify f ′ so that the new relation
with the modified tuple-ors and modified formula remains
equivalent to R′. We now describe how the formula is mod-
ified during splits and combines. It can be seen that more
clauses are taken away during combines than are added dur-
ing splits. Hence we ultimately get a formula with size at
most that of f ′.

Splits: Consider relations R1 = (T1, f1) and R2 =
(T2, f2) where T2 = (T1− t)∪ t1 ∪ t2 and t1 and t2 are ob-
tained by splitting tuple-or t ∈ T1. We would like to modify
f1 to obtain f2 such that R2 ≡ R1. We start off by adding
the constraint ¬t1 ∨ ¬t2 to f1. Then every occurrence of t

in f1 is replaced by t1 ∨ t2. And every clause of the form
¬t ∨ C is replaced by two clauses, ¬t1 ∨ C and ¬t2 ∨ C.
This transformation preserves the equivalence of R1 and R2

while adding k+1 clauses, where k is the number of clauses
containing ¬t.
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Combinations: Consider relations R1 = (T1, f1) and
R2 = (T2, f2) where T2 = (T1−t1−t2)∪t and t is obtained
by combining t1 and t2. We modify f1 to obtain f2 such
that R2 ≡ R1. Without loss of generality, assume that the
number of clauses containing ¬t1 is at least as large as the
number of clauses containing ¬t2. Then delete all clauses
containing ¬t1 and replace every occurrence of t2 and ¬t2
with t and ¬t respectively. Also replace every clause of the
form t1∨C with C. This transformation preserves the equiv-
alence of R1 and R2 while reducing the number of clauses in
the formula by l where l is the number of clauses containing
¬t1. ¤

C.2 Incremental Minimality of Operations

Theorem 15: Given MA
prop relations with minimal number

of A-tuples, there exist polynomial time algorithms to com-
pute their union or cross-product so that the resultingMA

prop

relation is minimal with respect to the number of A-tuples.
¤
Proof We show here that the algorithms presented in [25]
maintain incremental minimality under union and cross
product. We just need to show that no A-tuples in the result
of union or cross product can be merged. That is, if we start
with two MA

prop relations R1 and R2 with the minimum
number of A-tuples, the algorithms in [25] give S = R1∪R2

and T = R1 ×R2, where S and T have minimal number of
A-tuples.
Union: The result S = R1∪R2 has the union of the A-tuples
in R1 and R2. Now note that no instances of A-tuples from
R1 can be merged from those of R2. This follows from the
fact that we use multiset semantics, and merging tuples, say
t1 and t2 would eliminate the possible instance in S which
contained both t1 and t2; there has to be such an instance
containing both t1 and t2 as R1 and R2 being minimal, every
A-tuple in them appears in some instance. Finally, if we can
merge A-tuples in R1 (or R2 resp.) itself, then this violates
minimality of R1 (R2 resp.).
Cross Product: Now consider S = R1 × R2. The result S

contains an A-tuple for every combination of A-tuples from
R1 and R2. Here again, merging any two instances of A-
tuples from R1 and R2 would change the possible instances
of S: Suppose we merged two tuples t1 and t2, both these
were in distinct A-tuples in a least one of R1 and R2, and
there must have been an instance containing both t1 and t2,
which is ruled out after merging. ¤

Proposition 1: Given MA
prop relations with minimal num-

ber of A-tuples, the most natural algorithms to perform se-
lection, projection, or natural join on them may fail to main-
tain incremental minimality. ¤

Proof We show that after performing the most natural al-
gorithms for these operations, it may become necessary to
merge two A-tuples in the result. Consider an MA

prop rela-
tion R with one attribute X having two possible instances:

I1: [1], [3]
I2: [2]

It can be seen that anyMA
prop relation that represents ex-

actly the possible instances above would need to have three
A-tuples, t1:[1],t2:[2],t3:[3]. Now performing the selection
R′ = σX>1(R) we get the possible instances:

I1’: [3]
I2’: [2]

As can be seen, now the tuples [2] and [3] can be merged in
the result to give the representation: [{2, 3}], and just retain-
ing t′2:[2] and t′3:[3] as A-tuples does not give the minimal
result.

We now similarly show a case where A-tuples can
be merged after applying projection. Consider the relation
S(X,Y ) with two attributes and just one possible world:

I1:[p,1]
I2:[q,2]

The minimal MA
prop relation for S would need two A-

tuples t1:[p, 1] and t3:[q, 2]. However, on performing S′ =
ΠX(S), the result is two possible instances I1’:[p] and
I2’:[q]. In this result, t′1 and t′2 can be merged to give a
single A-tuple [{p, q}].

For natural join, we use an idea similar to selection: re-
place [1], [2] and [3] in R with [a,1], [b,2] and [b,3], and
then perform the join of R with T having a single possible
instance [b]. The result of R on T is:

I1’: [b,3]
I2’: [b,2]

Here again the tuples [b, 2] and [b, 3] can be merged in
the result to form one A-tuple [b, {2, 3}]. Therefore, for
these operations if we want to maintain incremental mini-
mality, we need to detect possible merges of the resulting A-
tuples, and just the natural algorithm without merging does
not work. ¤

Theorem 16: Given an MA
prop relation with minimal num-

ber of A-tuples, maintaining minimal number of A-tuples
after performing a selection is NP-hard.

Proof Finally, we show that in general, maintaining mini-
mal number of A-tuples while performing operations is a
hard problem. This can be seen by a direct reduction from
the NP-complete bi-clique cover problem. Given an instance
of the bi-clique cover problem, we first create a table with
two attributes. The table contains one A-tuple with all the
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left hand side nodes forming an or-set for the first attribute
and right hand side nodes forming an or-set for the sec-
ond attribute. The table thus represents a complete bipar-
tite graph on the nodes of the input bi-clique cover problem.
Note that this is the minimal way to represent such a com-
plete graph in a MA

prop relation. A selection operation is
then performed on this table to select only the edges in the
input of the bi-clique cover problem. The minimal set of A-
tuples required to represent this output would correspond to
the solution to the bi-clique cover problem. ¤

D Approximate Representation Proofs

Theorem 17: Let P be a set of possible instances. Algo-
rithm 1, Mtuple-REP, outlines a polynomial (in the size of
P ) algorithm that returns an exact representation of P in
Mtuple whenever one exists. ¤

Proof First note that Algorithm Mtuple-REP runs in poly-
nomial time in P : Steps 1-6 require at most a pass of the
instances in P . In the final step we check whether the con-
structed R represents exactly P . Even a brute force imple-
mentation of this would take at most quadratic time in P ; we
can enumerate the instances of R and check if they appear
in P , each with a scan of P .

We now show that the algorithm correctly returns R

whenever an Mtuple representation of P exists. Clearly if
it returns R, it is a representation of P (Step 7). Finally we
show if no R is returned, there does not exist any Mtuple

representation of P ; in other words, we show that every step
in the algorithm adds tuples to tuple-ors of the partially gen-
erated R in the only way possible. When we look for the ad-
dition of ti in step 5, we look at its co-occurrences with other
added tuples. We then find a representation for the restric-
tion of P to tuples t1, . . . , ti, and there is a unique Mtuple

representation for this (if any). So if we can add ti, this is
the unique possible way of adding ti, and if there is no rep-
resentation for the restriction of P to t1, . . . , ti, there is no
Mtuple representation of P . ¤

Theorem 2: There exists set of instances P for which there
is no constant-factor Mtuple-approximation R under the
Jaccard measure of similarity between P and I(R). ¤

Proof Consider n instances {P1, P2, . . . , Pn} for a rela-
tion with two attributes. Let the ith instance have two tu-
ples: t1i :[i, 1] and t2i :[i, 2]. We show that this set of n pos-
sible instances has no constant factor approximation un-
der the Jaccard measure of similarity between possible in-
stances. Consider some approximation R which agrees with
P = {P1, . . . , Pn} on exactly k instances, 0 ≤ k ≤ n. Let
the number of possible instances of R be m; the approxima-
tion is then given by |I(R)∩P |/|I(R)∪P | = k/(n+m−k).

Note that for R to have a constant factor approximation,
k = Ω(n).

Now since R has k possible instances from P , the tuples
of at least k of the possible instances must be in the Mtuple

representation of R. Further, whenever tuples for a particular
instances, say Pj are chosen, the rest of the tuples are not
present in the instance. So either the tuple-ors for all [k, 1]
and [k, 2], j 6= k have ‘?’, or are in the same tuple-ors as
[j, 1] and [j, 2] respectively. It can be seen that under these
conditions, for m to be smallest we have just two tuple-ors in
R, the first one being { [i1,1] || [i2,1] || . . . || [ik,1]

} and the second being { [i1,2] || [i2,2] || . . . || [ik,2]

}. Even in this case we have k2 possible instances, and so
we do not get a constant factor approximation. ¤

Theorem 19:

1. Finding the best Mtuple approximation for an arbitrary
set of possible instances P is NP-hard.

2. Mtuple approximation can be reduced to the minimum
graph coloring problem, which admits a 5/7-differential
approximation. ¤

Proof We first show the NP-hardness of finding the best ap-
proximation by a reduction from the NP-complete minimum
graph coloring problem. Consider an input graph G(V, E) to
the minimum graph coloring problem. We construct a set P

of |E| possible instances over a schema with one attribute.
For all vi, vj ∈ V , the instance containing the two tuples
[vi] and [vj] is in P if and only if (vi, vj) ∈ E. Intuitively,
a possible instance being covered by an approximation R

imposes the condition that the endpoints of that edge are
colored differently in P . Any approximation R under the
conditions mentioned in the paper is a coloring of G with
each A-tuple being a different color. Firstly, since the max-
imum multiplicity of any tuple in a possible instance is 1,
each tuple appears in at most one A-tuple in R. Therefore,
each coloring gives an approximation with the number of
A-tuples being the number of colors, and vice-versa. The
best approximation gives the minimum number of A-tuples
required and hence the minimum number of distinct colors
required to color G.

We now show an inverse mapping: reducing an instance
of the best approximation problem to that of minimum graph
coloring, which is known to admit a 5/7-differential approx-
imation [49]. Let us say we are given a set P of possible
instances. As a first step, we make the maximum multiplic-
ity of any tuple to be 1. For example, let us say there is a
tuple t that appears a maximum of 2 times in instances of
P ; each first instance is replaced by t1, and second instance
by t2. We now construct a graph G(V, E) with each distinct
tuple tk in any instance of P being a vertex, and adding an
edge (ti, tj) if and only if they appear together in some in-
stance of P . It can again be seen that every coloring of G
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gives an approximation of P , and every approximation of P

gives a coloring of G, with the number of A-tuples in the
approximation equal to the number of colors in the color-
ing: tuples corresponding to vertices with the same color are
assigned to the same A-tuple. ¤


